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PREFACE. 

In the following pages an attempt has been made to present 
the elements of the Calculus in a way that will appeal to 
comparatively immature students. The reasoning is based 
essentially on the graphical representation of a function, and 
it is hoped that students who have obtained a firm grasp of 
the meaning of such representation will be able to gain, with- 
out serious diflSculty, a right apprehension of the meaning of 
a differential coeflScient. I have deliberately abstained from 
crowding the book with diagrams, because I assume that 
before the student begins the study of the Calculus he will 
be quite familiar with the methods of graphing the ordinary 
functions and will have reached the stage at which he can 
at once form a mental picture of such graphs. From the 
educational point of view the graph is not so much an end 
in itself as an aid to the comprehension of the variation of 
a function. 

In all practical applications of the Calculus the consider- 
ation of a differential coefficient as the measure of a rate of 
variation is of the utmost importance, and this aspect of a 
differential coefficient can be very readily understood by 
any one who is familiar with graphical work. The only 
satisfactory way, however, by which the conception of a 
rate can be adapted to practical uses is, in my judgment, 
the method of limits ; I have therefore used that method 
throughout the book. 
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The first eight chapters treat of algebraic functions alone, 
and they contain many of the simpler applications of the 
Calculus; the chapter on Graphical Integration may, if 
desired, be taken up as soon as these chapters have been 
mastered. The discussion of the circular and exponential 
functions will probably be found distinctly harder; but 
long experience has convinced me that the difficulties are 
due not to the nature of the Calculus but to the student s 
imperfect knowledge of trigonometry. It seems to me that 
a student who has not a firm grasp of the Addition Theorem 
should postpone his study of the differentiation and integra- 
tion of circular functions till he has obtained that grasp ; 
the Theorem is absolutely necessary for many of the most 
important applications of trigonometry and is, after all, 
very easy to understand and apply. 

I have included a short discussion of the Fourier Series, 
because of the numerous applications it is now receiving in 
elementary work ; in the sections that treat of the decom- 
position of an empirical function I have given a solution, 
due to Professor Runge, which seems to me to be thoroughly 
practical. 

It may seem to many that I have tried to build on too 
slight a foundation of elementary mathematics. I am well 
aware that a thorough knowledge of the Calculus can only 
be obtained by those who have had a broader training in 
the elements of mathematics than I assume in my readers ; 
but I have for several years given courses on the Calculus 
to large classes of evening students and I have found that 
it is quite possible to do much good work on the lines 
followed in this book. A student, however, who wishes to 
profit by the course laid down must work many of the 
examples in the various sets of Exercises ; the principal 
results in differentiation and integration must be as familiar 
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as the multiplication table, and the best way of acquiring 
that familiarity is by working numerous examples. The 
time required for this purpose is by no means so great as 
many people suppose ; in any case, that familiarity must be 
acquired if the Calculus is to be the instrument and not the 
master of the student. 

In conclusion I desire to tender my cordial thanks to 
several friends who have encouraged me in the production 
of the book : to Mr. P. Bennett, Mr. W. A. Lindsay, Mr. P. 
Pinkerton and Mr. A. T. Simmons for very efficient help in 
proof-reading ; to Mr. J. Dougall and Mr. J. Miller for the 
solutions of the examples ; and to Professor R. A. Gregory 
for his most helpful advice at all stages of the progress of 
the book. I must also thank the printing staff of Messrs. 
MacLehose for the excellence of their share of the work. 

GEORGE A. GIBSON. 



8 Sandtford Place, 
Glasgow, W., Nov. 1904. 
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CHAPTER I. 

INTRODUCrriON. 

1. Graphs. In the following pages the processes of 
differentiation and integration are so closely connected with 
the graphical representation of functions that it seems 
proper to begin with a short reference to graphical methods. 
These methods, however, have in recent years been so 
widely adopted, even in elementary teaching, that a very 
brief reference to them will be sufficient. In this chapter 
we summarise the more important properties of a graph 
and explain the meaning of various technical terms that 
are constantly used. 

If pairs of numbers are chosen at random and the points 
plotted which have these numbers as coordinates, there 
will be no orderly arrangement among the points: they 
will be scattered all over the diagram. If, however, the 
coordinates are connected by an equation the case is altered ; 
the points will now be arranged in a manner that suggests 
a definite curve on which they all lie. This curve is called 
the graph of the equation while, in reference to the curve, 
the equation is called the equation of the graph. Other 
phrases are often used to express the connection between 
the equation and the graph. Thus, the equation is said to 
be represented by the graph, while the graph is said to be 
given by the equation; the curve is, so to speak, the 
geometrical counterpart, or picture, of the equation. 

In graphical work a point is specified by its coordinates, 
and the point is said to be given when its coordinates are 

G.I.C. A (^ 
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known. The fundamental connection between a point and 
the graph of an equation may be stated thus : a point does 
or does not lie on the graph of an equation according as its co- 
ordinates do or do not satisfy the equation of the graph. 

2. Variables and Constants. The equation 

y = ax+b, (1) 

which is of the first degree in the coordinates x and y, has 
for its graph a straight line; from this property an equation 
of the first degree is often called a linear equation. It is 
important that the student should thoroughly understand 
the parts played by the symbols a, h on the one hand and 
the symbols aj, y on the other. 

The letters a, h fix the position of the line ; to each set 
of values of a, h there corresponds one line and to each line 
there corresponds one set of values of a, b. For any one 
line the letters a, 6 denote fixed or constant numbers and 
are called constants. 

On the other hand, when a definite line has been chosen 
by means of the values selected for a, b the two numbers 
X, y may be any two numbers that satisfy equation (1): 
the only restriction on our choice of x and y is this, that 
they must satisfy (1); and every such pair of numbers 
determines a point on the line. 

The relation which the equation establishes between x 
and y may be considered in a slightly diflFerent way. As 
a point moves along the line given by (1), the x of the 
point goes through, or takes, a succession of values ; the y 
of the point also goes through a succession of values, but 
the values that y takes can be calculated from the equation 
when those of x are known. In other words, a? is a variable; 
so is y, but, since the equation fixes the value of y as soon 
as a definite value is assigned to x, the variable y is said to 
be dependent on the variable x. The succession of values 
has been supposed to be first assigned to a? ; a? is therefore 
called the independent variable of the equation. 

We might, of course, first assign values to y and then 
calculate the corresponding values of x from the equation ; 
y would now be the independent and x the dependent 
variable. It is usually a mere matter of convenience which 
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IS taken as independent; that variable whose values are 
the objects of inquiry or calculation is the dependent one. 

In general, the letters that occur in an equation belong 
to one or other of the two classes, constants and variables ; 
the constants fix the position of the curve with respect to 
the coordinate axes, while the variables are the coordinates 
of a point on the curve. It is customary to denote constants 
by the earlier letters of the alphabet, a, 6, c, . . ., and variables 
by the later letters Zyy,x, . . . ; but this custom need not be 
observed unless it be convenient. 

3. Function and Argument. Another way of stating the 
connection between two variables, one of which is dependent 
on the other, is to say that the dependent variable is a 
function of the other variable, which is then often called 
the argument of the function. 

The graph of an equation shows very clearly how the 
function varies as the argument changes. The abscissa is 
usually taken as the argument or independent variable, 
and the ordinate then represents the function; the graph 
is therefore often called the graph of the function. 

The graph of the function ax+b is a straight line and 
therefore aaj+6 is often called a linear function of x. 

As a rule, we shall suppose the relation of a function to 
its argument to be expressed by an equation; in experi- 
mental work, however, the relation is often expressed in 
the first instance by a graph, and it is an important, and 
often a difficult, problem to find the equation of the graph 
and thus express the connection between the function and 
its argument by an equation. 

The following examples illustrate various matters of 
terminology. 

Example 1. The variables x and y are connected by the equation 

bxy-Ax-ly+Z—0\ 

express y explicitly as a function of x. 

The equation clearly makes y dependent on x, for if we give to x 
a.ny value we can calculate the value of y ; in mathematical language, 
the equation is said to define y as a function of x. To see more plainly 
howy depends upon Xy solve the equation fory in terms of x. We find 

4r-3 
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y is now said to be expressed explicitly as a function of or, while, so 
long as the equation is not solved for y, it is only implidtly expressed 
as a function of x ; in the unsolved form of the equation y is said to 
be an implicit function of :r, while in the solved form it is said to be 
an explicit function of x. 

The equation also defines ^ as a function of y, namely, 

_ 7y-3 

as may be seen by solving the equation for x. Both functions are 
fractional functions of their arguments. 

Example 2. A stone is thrown vertically upwards with a velocity 
of V feet per second ; assuming that the resistance of the air may be 
left out of account, express the distance travelled in a given time as a 
function of the time. 

Suppose that in t seconds the stone has risen 8 feet above the point 
of projection ; then it is shown in books on mechanics that 

where ^^ is a constant, equal to 32*2 approximately. The distance 
travelled is therefore a function of the time ; since the time t entera 
into the expression of the function in the second and no higher degree, 
the distance « is a quadratic function of the time t 

The velocity v at time Ms a linear function of the time, because 

v= V-gt. 

In this example «, <, v are variables ; F, g are constants. 

Example 3. A point moves in a circle of radius 5 with its centre at 
the origin of coordinates ; express the ordinate of the point as a 
function of its abscissa. 

Let .r, y be the coordinates of the point in any one of its positions ; 

then ^24./=25, (i) 

and therefore y=^{^b — a^) (ii) 

To express y fully, we must remember that the root may be either 
positive or negative ; the symbol Ay(25 - a^) is two-vahied, namely, is 
either +^(25-x^) or -V(25-.r'^). The 4- sign goes with points 
above the a:-axis, the — sign with points below that axis. 

Equation (i) defines y implicitly as a function of x. It often 
happens, as in this case, that there correspond two (or more) values 
of the function to any one value of the argument. We must, of 
coui*se, restrict ourselves to one of these values at a time ; we may in 
fact consider y to be made up of the two functions 

y=+y/{26-x^) and y=-^(25-x^\ 

each of which is singlc'Valv^d, that is, has only one value of y for any 
one value of x. 

It is also to be noted that y is only defined for values of x from 
^=—5 to ^=5. For values of x greater (numerically) than 5 the 
values of y are imaginary. 
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4 Inverse Functions. As we have seen in §3, example 1, 
an equation between x and y not only defines 3/ as a 
function of x but also defines a? as a function of y. Two 
functions thus defined by one equation are said to be 
inverse to each other. Thus, as another example, the 
equation y = ^y when solved for x, gives x = ^y, and there- 
fore defines two functions which are inverse to each other, 
namely the cube and the cube root 

A function and its inverse are represented by the same 
graph, but when the inverse function is not single- valued 
care must be taken to select the proper part of the graph 
when considering the inverse function. We shall return to 
this matter when we come to discuss the differentiation of 
the inverse circular functions. 

5. Gradients. The coefficient a of cc in the equation 

y = ax + b (1) 

is called the gradient (sometimes, the slope) of the straight 
line given by the equation. 

The following ways of interpreting the gradient are 
important. ^ 

Geometrically y the a?-axis being supposed horizontal and 
the y-axis vertical, the gradient a measures the rate at which 
the line rises or falls. 

When a is positive, the line has a right-hand upward 
slope ; a point rises as it moves to the right along the line. 





Fig. 2. 



In Fig. 1 the gradient is OA/CO or RQ/PR; the rise RQ 
is a times the horizontal advance PR. 

When a is negative, the line has a right-hand downward 
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slope ; a point falls as it moves to the right along the line. 
In Fig. 2 the gradient is AOIOG or RQ/PR; the fall RQ is 
— a times the horizontal advance PR. 

When a = the line is horizontal. The greater a is 
(numerically) the greater is the angle the line makes with 
the horizontal ; when the angle is 90° the gradient is said 
to be infinite. 

Trigonometricallyy the gradient a is the tangent of the 
angle which the line makes with the a;-azis. 

When the line has a right-hand downward slope (Fig. 2), 
the angle may be taketn to be the negative angle XCB or 
the obtuse angle XGA ; tan XCB and tan XCA are both 
negative. In graphical work it is usually better to take 
the angle of the gradient as negative in this case. 

Algebraically, the gradient a measures the rate at which 
the function ax+b varies as x varies. 

If X increases from any value x^ to the value x^^+h, then 
y changes from cKCj + fe to a(a^+h)+b; the increase of y is 
ahy that is, a times the increase of x. The increase of 
ax + b 18 thus always in simple proportion to the increase 
of x, and the linear function is therefore called a uniformly 
varying function of its argument ; the rate at which the 
function changes is constant and equal to a. If a is nega- 
tive, y decreases as x increases ; a decrease is considered to 
be a negative increase. 

The gradient of any straight line which is at right angles 
to the line given by equation (1) is — 1/a. 

6. Increments. As a point moves from P to Q along the 
line AB (Figs. 1, 2) the amount MN or PR by which the x 
of the point changes is usually called the increment of x. 
When X takes the increment MN or PR, y takes the 
increment RQ ; in Fig. 2 the step RQ is negative and the 
increment is expressed by a negative number. 

In all cases the gradient of a straight line is obtained by 
dividing any increment of the ordinate by the corresponding 
increment of the abscissa. When the quotient is positive, 
the ordinate increases as the abscissa increases; the function 
represented by the ordinate is then an increasing function of 
its argument. When the quotient is negative, the ordinate 
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decreases as the abscissa increases; the function repre- 
sented by the ordinate is then a decreasing fdnction of its 
argument. 

7. Average Gradient. Bates. The gradient of a straight 
line is the same for every portion of it, long or short. If, 
however, we take two points P and Q on a curved line 
(Fig. 3) and divide the increment BQ which y takes, as a 
point moves along the curve from P to Q, by the corre- 
sponding increment PR of x, the quotient obtained will 
manifestly depend on the positions both of P and of Q, 
We must therefore consider what is meant when we speak 
of the gradient of a curved line. 




The increment of the ordinate of a point which moves 
from P to Q is the same whether the point travels along 
the arc PQ or along the chord PQ ; hence the gradient of 
the chord PQ, namely RQjPR, is called the average gradient 
of the arc PQ, When Q is very close to P, the direction of 
the chord PQ will differ very little from that of the tangent 
PT to the curve at P; the closer Q is to P the less does the 
direction of the chord PQ differ from that of the tangent 
PT, The gradient of the tangent PT is therefore taken as 
the gradient of the curve at P. 

If jJfP, NQ denote two values of the function represented 
by the curve (Fig. 3), then the gradient of the chord PQ 
measures the average rate at which the function changes as 
its argument changes from OM to QN. (It is easy to aee 
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that if, as the argument changes from OM to ON, the 
function were to change at the uniform rate RQ/PR it 
would receive the increment RQy which is the increment it 
actually takes.) Just as the gradient of the tangent PT is 
taken as the gradient of the curve at P, so the gradient of 
the tangent PT is taken as the rate at which the function 
is changing when its argument is equal to OM, the abscissa 
of P. 

A rate of change is the ratio of two amounts of change. When one 
magnitude is a function of another, any increase in this other magni- 
tude will produce an increase, or a decrease, in the function ; the 
ratio of the change in the function to the corresponding change in the 
argument is the number which has been defined as the average rate 
of change for that change of the argument. 

For the linear function a.r+ft, the average rate of change is the 
same whatever be the value, a:, say, /rom which the argument changes, 
and whatever be the amount, h say, 6y which the argument changes ; 
the ratio of the two amounts of change is always a, and therefore 
the linear function is one which changes at a constant, or uniform, 
rate. 

In general, however, the average rate of change of a function 
depends both on the value of the argimient from which the change 
begins and on the amount by which the argument changes. When 
the amount by which the argument changes is very small, the average 
rate will clearly give a good approximation to the rate at which the 
function is changing for that value of the argument from which the 
change begins ; the smaller the change in the argument the better 
will be the measure of the rate. 

A rate of change, then, always implies two variables ; an inde- 
pendent (change -causing) variable, or argument, and a dependent 
variable, or function. The rate of change of the function is a rate 
"with respect to" or "relative to" its argument; for brevity, how- 
ever, the phrase specifying the independent variable is often omitted. 
When the argument is specified, such phrases as "the .r-rate of 
change," "the jF-gradient," "the ^rate of change," "the ^gradient" 
are often employed, according as the argument is jn or t. 

In calculating gradients we shall usually suppose the 
abscissa (or argument) to increase algebraically; in other 
words, the increment of the abscissa will be taken to be 
positive. The sign of the corresponding increment of the 
ordinate (or function) will show whether the ordinate 
increases or decreases for this increment of the abscissa. 
There is, of course, no reason except that of convenience 
for choosing the increment of the abscissa to be positive, 
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Example 1. Find the average gradient of the graph of y=^, 
(i) as .V increases from 2 to 25, (ii) as x increases from 2 to 2+ A. 

(i) When jp=2, y=4, and when a? =2*5, y = 6-25. The increment of 
X is 0*5, and the corresponding increment of y is 2*25. Therefore, 

, (2-5)2-22 2-25 ,, 
av.grad.=V-2-;2-^=-^=4-5. 

(ii) When :r=2+A y = (2 + A)2. Therefore, 

av ffrad -( 2+>^y-22 4A+A2 

av. giaa.- (2^^)_2 - y^ -4+^. 

Example 2. Find the average gradient of the graph oi y—a^, (i) as 
X increases from —2 to - 1*5, (ii) as x increases from - 2 to - 2 + A. 

(i) In this case the increment of x is —1*5 -(-2), that is, 0*5 ; the 
corresponding increment of y is ( — 1 '5)2 — ( — 2)2, that is, — 1*75. 

"ITiereiore, —1*75 

av. grad. = -^— =-3-5. 

(ii) The increment of x is (~2+/i)-(-2), that is, h\ the cor- 
responding increment of v is ( — 2+A)2 — ( — 2)2, that is, -4A-|-/i2. 

Therefore, -Ah+h^ 

av. grad. = r = -4+A. 

Note that the increment is always calculated by sub- 
tracting the value from which the variable changes from 
the value to which it changes. 

Example 3. What is the average rate at which the function 16^2 
changes, (i) as t changes from 2 to 2+ A ; (ii) as t changes from -2 to 
-2+A? 

,.. , 16(2+A)2- 16(2)2 ^^ . ,^. 

(i) av. rate = (2+A)-2 = ^4 + 16A ; 

.... . 16(-2 + A )2-16(-2)2 ^^ . ,^, 

(11) av. rate= \_^^}^^_^2^^^ = -64+16A. 

Let 16^2 |je the number of feet a stone falls in t seconds ; then the 
increment of 16^2^ as t increases from 2 to 2+ A (namely, 64A-I-16A2), 
is the distance in feet which the stone falls during the fraction A of a 
second succeeding the first two seconds of its fall. The quotient of 
this increment by the corresponding increment h of t measures the 
average velocity during the interval ; the average velocity is there- 
fore 64+16A feet per second. 

8. Turning Points. Maxima and Minima. The simplest 
way of studying the properties of a function is often by 
examination of its graph. Suppose a point to start from 
A and to move along the curve ABC,., (Fig. 4), and con- 



10 



INTRODUCTION TO THE CALCULUS. 



sider in the first place how the ordinate changes during the 
motion of the point; the variation of the function is, of 
course, represented by the variation of the ordinate. 

As the point moves from ^ to jB it rises, and the ordinate 
increases; when the point passes B it begins to descend, 
and the ordinate begins to decrease. The point B is called 
a turning point of the graph, and the ordinate at B, namely 
B'B, is called a turning value of the ordinate ; by analogy, 
the value of the function represented by RB is called a 
turning value of the function. 

As the point moves further along the curve it continues 
to descend till it reaches D, but on passing D it begins to 
ascend. D is therefore another turning point of the curve, 




Fig. 4. 

and IXD a turning value of the ordinate, or of the function 
which the curve represents. 

Other turning points are F, H, i, N, P. 

The ordinate at B is greater than any other ordinate 
near it and on either side of it ; the value of the ordinate 
at B is therefore said to be a maximiun. At D, on the other 
hand, the ordinate is less than any other ordinate near it 
and on either side of it ; the value of the ordinate at D is 
therefore said to be a miniTmiTn. 

The ordinates at F, L, and P are maximum ordinates ; 
those at H and iV are minimum ordinates. 

The meaning just given of the words " maximum " and 
"minimum" is that usually assigned to them in mathe- 
matics. A maximum ordinate is not necessarily, though it 
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sometimes is, the greatest ordinate of the curve; an ordinate 
is a maximum if it is greater than any other ordinate near 
it and on either side of it. A maximum may even be less 
than a minimum ordinate; thus L'L is a maximum ordinate 
but it is less than the minimum ordinate D'D. 

For the values of x corresponding to the arcs AB, DF, ... 
the function is said to be an increasing ftinetion; as x in- 
creases from OA' to 05', or from OU to 0F\ the value of 
the function increases. On the other hand, for- the values 
of X corresponding to the arcs BD, FH, ... the function is 
said to be a decreasing ftmction ; as x increases from OR to 
017, or from OF' to 0H\ the function decreases. A turning 
value of a function is a value at which the function either 
ceases to increase and begins to decrease, or else ceases to 
decrease and begins to increase. 

9. Variation of the Gradient. Point of Inflexion. We 
shall now consider how the gradient of the curve varies, 
and in this discussion we shall think of the gradient at 
any point of the curve as the (trigonometrical) tangent 
of the angle that the tangent to the curve at the point 
makes with the aj-axis, which we suppose to be horizontal. 

Let us first make clear what is meant by the angle that 
a tangent makes with the cc-axis. By the angle between 
a tangent and the aj-axis we mean the dcute angle between 
the tangent and the positive direction of the a?-axis. If we 
suppose the line AB in Figs. 1, 2 to be the tangent to a 
curve at the point P then, in both figures, the angle that 
AB makes with the cc-axis is the angle XCB or ite equal, 
the angle RPQ, In Fig. 2, however, AB has a right-hand 
downward slope and the angle XCB is Tiegatxve] the 
gradient, which is equal to tan XCBy is also negative. 

Another point to be attended to is this, that we are 
concerned not merely with numerical but with algebraical 
increase. When the angle XCB is negative so is tan XCB ; 
as XCB increases numerically, the gradient tanXCfi 
decreases algebraically. In other words, when a line has 
a right-hand downward slope, the greater (numerically) the 
angle of the slope the less (algebraically) is the gradient of 
the line. 
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Let us now suppose that, as a point moves along the 
curve AB ... (Fig. 4), the tangent is drawn to the curve at 
each position of the moving point, and let us notice how 
the gradient of the tangent changes. It will be convenient 
to think of a moving line accompanying the moving point ; 
when the point is at A we shall suppose the line to coincide 
with the tangent at A and, as the point moves along the 
curve, we shall suppose the line to move with it in such a 
way as to coincide always with the tangent to the curve 
in each position of the moving point. 

As the point moves from J. to J5 the angle of slope 
is positive but decreasing, and therefore the gradient is 
positive and decreasing ; the moving line rotates clockwise. 
At B the moving line is horizontal and the gradient is zero. 
As the point moves from B to G the angle of slope is 
negative and increasing numerically, but the gradient, 
being now negative, is still decreasing algebraically; the 
moving line continues to rotate clockwise. 

When the point passes (7, the angle of slope begins to 
decrease numerically and therefore (since the angle of slope 
is negative) the gradient begins to increase algebraically; 
the moving line now rotates anticlockwise. At 0, therefore, 
the gradient ceases to decrease and begins to increase; 
the gradient has a turning value at G, and this value is a 
minimum. 

As the point moves from G to D the angle of slope 
decreases numerically and the gradient increases alge- 
braically; the moving line rotates anticlockwise. At 1) 
the moving line is horizontal and the gradient is zero. As 
the point moves from D to E, the angle of slope is now 
positive and increasing and the gradient, which is now also 
positive, continues to increase ; the moving, line also con- 
tinues to rotate anticlockwise. 

When the point passes E, however, the angle of slope 
and the gradient begin to decrease while the rotation of 
the moving line again becomes clockwise. At E therefore 
the gradient ceases to increase and begins to decrease ; the 
gradient has a turning value at E, just as it has at (7, but 
at E the turning value is a maximum. 

Proceeding in this way, we see that turning values of the 



CONTINUITY. 13 

gradient occur at /, (?, g, K, M, At Q the moving line is 
horizontal. 

Definition. A point on a curve at which the gradient 
has a turning value is called a point of inflexion, and the 
tangent at a point of inflexion is called an inflectional 
tangent. 

It will be noticed that at a point of inflexion the curve 
crosses the tangent; the character of the curve near a 
point of inflexion is shown more clearly in Fig, 5. 




Fig. 6. 

We may further note that the portion ABC of the 
graph (Fig. 4) is convex upwards, while the portion ODE 
is concave upwards. So long as the gradient is a decreasing 
function, the curve is convex upwards, while so long as 
the gradient is an increasing function the curve is concave 
upwards. The point where the change from convexity 
to concavity takes place is a point of inflexion. 

10. Continuity. In tracing curves from their equations 
the student must have observed, that near their turning 
points the ordinate usually changes very slowly, and that 
at the turning points the gradient is zero. It is, however, 
quite possible to have a turning point near which the 
ordinate does not change slowly and at which the gradient 
is not zero. TJie point P (Fig. 4) is such a point. 

From the graphical point of view, a curve which has a 
sharp peak like P is simple enough; but, as a matter of 
fact, no curve given by an ordinary equation such as we 
shall deal with ever shows such peaks. The occurrence of 
a peak is usually associated with a discontinuity of the 
gradient. We shall refer very briefly to the question of 
continuity. 

In all ordinary functions (except, it may be, near a 
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limited number of values of the argument) a small change 
in the argument produces only a small change in the 
function. This property is reflected in the graph ; the 
graph as a rule forms a continuous, uninterrupted line. 
Suppose, however, that we consider the variation of the 
graaient of Fig. 4. As a point moves along the curve the 
gradient changes steadily till the point approaches P; as 
it approaches P the gradient is positive, but when it passes 
through P the gradient suddenly becomes negative. The 
gradient passes from a positive to a negative value, jumping 
over (so to speak) a whole series of values. In mathematical 
language the gradient is said to be discontinuous at P. 

The ordinate of the curve, on the other hand, is con- 
tinuous all along the curve ; in passing from any one value 
to any other value, from A' A to QQ say, it takes once at 
least every value between A' A and Q'Q, and it makes no 
jump anywhere. 

It will always be assumed that every variable is a con- 
tinuous variable. This assumption implies (i) that a small 
increment of the argument of a function produces only a 
small increment of the function, and (ii) that as the variable 
changes, say from a to 6, it assumes once at least every 
value between a and h, 

11. Notation for Functions. A function of a variable is 
often denoted by enclosing the variable in a bracket and 
prefixing a letter; thus, ^a;), F{x)y ip(x) denote functions 
of X. The letters /, P, <f> are functional symbols, not multi- 
pliers: the symbol f(x) must be taken as a whole and 
means simply " some function of aj," the context or an ex- 
plicit statement determining which particular function is 
meant. For different functions occurring in the same in- 
vestigation different functional symbols must, of course, be 
used. 

f(a) means " the value of the function f(x) when x has 
the value a" or " the value of the function f(x) when x is 
replaced by a." Thus, if f(x) denotes the function 

then /(0)= -4, /(2)= -2, /(-2)=10, 

/(aJi)=2a:i2-3a;i-4, f(x^ + h) = 2{x^ + hY'~S(x^+h)''4i. 
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The beginner should note that an accent or a suflBx 
attached to the functional letter indicates a different 
function from that denoted by the same letter without the 
accent or suffix ; thus, /(oj), /'(a?), f^{x) denote three different 
functions. An accent or suffix is often used to indicate 
that, though the function whose letter bears the accent or 
suffix is a different function, yet it has some special con- 
nection with the function denoted by the same letter 
without an accent or suffix. 

12. Notation for Increments. If P is the point {x^, y^ 
and Q the point (x^, 2/2) then, as a point passes along the 
arc PQ, the x of the point changes from x^ to ojg, and the 
difference x^—x^ (not a^ — ojg) has been called (§6) the in- 
crement of x; similarly, 3/2 — 2/1 ^^ ^^® increment of y. We 
shall frequently have occasion to deal with increments, and 
it is convenient to have a notation for them. We may, 
if we please, denote ajg""*^! ^7 * single letter, say h, and 
2/2—2/1 oy a single letter, say k; then 

X2"X^=hy x^=Xj^+h; 2/2"2/i = *> 2/2 = 2/i+*- 

The coordinates of Q (those of P being x^, t/i) ^^e now 
x^+h, yi+k, and the gradient of the chord PQ is k/h. 

There is, however, a more suggestive notation for an 
increment, namely, the letter S or A* prefixed to the value 
of a? or 2/ from which the increment begins : thus, Sx^^ or 
Aa?!, Syi or A2/1. The symbol Sx-^, pronounced "delta x^," 
must be taken ds a whole; S is not a multiplier. The 
square, cube, ... of Sx^ are written (Sx^^, i^^ifp • • • • 

In this notation the gradient of the chord PQ is SyjSx^. 

We shall now work some examples ; after reading these, 
the student should try Exercises I. It is necessary for him 
to be quite familiar with the notation. 

Ea:ample 1. If f(x)=a^-3a:+l, find the value of f{0\ /(!),/(- 1), 
and write down f(a + h) in ascending jjowers of k. ' 

f(x) means the expression or function x^ — 3a7+l ; /(O) means the 
value of f{x) when a!=0. Hence 

/(0)=0-0+l = l. 

* 9 and A are the forms in the Greek alphabet of the small and capital d, 

the first letter of the word ** difference." 
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Similarly, /(!) = ! - 3 x 1 + 1 = - 1, 

and /(-l)=(-iy-3x(-l) + l=3. 

Again, to find /(a + A) replace x in /(a;) by a+A ; therefore 

/(a+A) = (a+A)3-3(a+A) + l 

= a34-3a2A+3aA2 + A3-3a-3A + l. 

Arranging in ascending powers of A, we find 

/(a + A)=a3-3a + l+3(a2-l)AH-3a/A2+A3. 

The terms independent of h are simply /(a) ; we may therefore write 

/•(a + A)=/(a) + 3(a2-l)A + 3aA2+A3. 

How could we show, without calculation, that the terms independent 
of h must be /(a) ? 

Example 2. If F{x)=%v^ -Zx-A, find the gradient of the chord 
joining the points on the graph of F{x) whose abscissae are 1 and 1*5. 

i^(l)=-5 and i^(l'5)=-4. 

Incr. of abscissa = 1 '5 — 1 = 05 ; incr. of ordinate =— 4 — ( — 5)=I. 

TT J incr. of ord. 1 

Hence grad. = j t— i — =?r^ = 2. 

° incr. of abs. 0*5 

Example Z, If F{x)=2x'-Zx-A^ find the gradient of the chord 
joining the points on the graph of F{x) whose abscissae are Xi and 
x^ + hx^. 

ii^(a;i) = 2a:i2-.3^i-4, 

^'2j;^-^x^-A+{Ax^-2)hx^ + '^{hx^ 
= F{x;) + (4^1 - 3) arj + 2 (8.ri)2. 

The increment of the ordinate, corresponding to the increment hx^ 
of the abscissa, is F{x^ + Stj) - F{x^ or, in the notation of increments, 
8i^(A'i). Now 

hF{x^) = F{xy^ + &Pi) - F{x^) = (4.ri -3)8x^ + 2 (8xJ^, 

8F(x ) 
and therefore grad. = — ^^— ^ = 4.ri - 3 + 2&rj . 

Example 4. If in Example 3 we give to &rj in succession the values 
1, 0*1, 0*01, what are the successive values of the gradient? 

If F is the point whose abscissa is a:,, and Q the point whose abscissa 
is Xi + 8xi, the question is equivalent to this : what are the gradients 
of the three chords obtained by joining P to the three positions of § ? 
The third position of Q is very close to P, and therefore the gradient 
of PQ in this case must be very nearly equal to the gradient of the 
tangent at P. 

To obtain the required values, we have merely to substitute 1, O'l, 
0*01 for 8xi in the expression for the gradient. We find 

4ri-l, 4.^1-2-8, 4^,-2-98. 
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Exavn/ple 5. If y—\ogx find the value of 5yi/&ri when ^i = 20 and 
&Fi=2, 1, 0*5, using four-figure logarithms. 

8*1=2, %r,=log22-log20, ^=5:^=0-0207, 
&r, = l, 8yi=log21-log20, ^'= ^"^^^^ =00212, 

&ri=0-5, 8y,=log20-5-Iog20, |l= 2:2^ =0-0216. 

"When the value of x is large, say ^=500, and the values of Sa? are 
small integers or proper fractions the four-figure tables are not 
sufiiciently accurate to show the relative magnitudes of the gradients. 

EXERCISES. I. 

1. If/(^)=5a;2-7^+2, calculate /(O), /(I), /(2), /(-I). Show that 

/(oTi -h &ri) =/(^i) -H ( 10j;i - 7) &ri -t- 6 (&Pi)2. 

2. If /(a7)=^+^+ar-»-l, calculate /(O), f{\\ /(-J). Show that 
/(^i + &ri) =/(^i) + {^^ + 2:Fi + 1) &Fi + (3^i + 1) {^^f + (&Fi)'. 

3. If F{x) =3^2+2^-1 write down F{ax + b), F{a^\ F(a^). 

4. If /(j:)==sin.r, the angle being measured in degrees, calculate 

/(O), /(30), f{47-5), /(90). 

5. If /(^)=3 sin ^ -1-4 cos ^, the angle being measured in radians, 
calculate/(0), /(ir/2), /(tt), /(I), f{0-5). 

6. If ■F'(x) = log X show that 

F{x)+F(y)=F{xxy), F(x)-FQ,)=f[^). 

Calculate the gradient of the chord joining the points (a?i, yi) and 
(^1 -f- &ri, i/i + S^i) on each of the curves given by equations 7-14. 

7. y=3^. 8. y—ax-^-h, 9. y=aa^+hx-\-c, 
10. y^a3^-\-hx^-\-cx+d. 11. y=l/x^. 

12. y=loga:. 13. y=10*. 14. 3^=10-*. 

15. Calculate SyJSxi, when 3^=sin^, for the following values of 
Xi and Sxi ; the angle is measured in radians. 

(i) ^1=0-5236 ; 8^i=0-0524, 00349, 0-0175 ; 

(ii) :Pi = 2-3090 ; &Fi=0-0524, 00349, 0-0175. 

16. The same problem as in example 15 for y=cos x. 

17. The same problem as in example 15 for y=tan^. 

G.I.C. B 
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18. If f{x) = a + 6a^» + <a?* sho w that /( - x) =f(x), 

\yfh&D. f(—x)=f{x\ the function f{x) is said to be an oven flinction 
of its argument. The simplest case of an even function is a rational, 
integral function which contains only even powers of its argument.] 

19. If /(^) ^ax-^-ha^+ca^ show that /( -x)= -f{x), 

[When/(-x)= — /(^X *^® function /(jr) is said to be an odd ftinctton 
of its argument. T^e simplest case of an odd function is a rational, 
integral function which contains only odd powers of its argument.] 

20. State which of the following functions are even, and which 
odd: sin^, cos a?, tan^F, coseco?, secx, cot^, 10*+ 10"*, 10*— 10~*, 

.(10*-10-*)/ar. 



CHAPTER IL 

DIFFEEENTIATION OF POWERS. MAXIMA AND MINIMA 

13. Tangent to a Curve. The ordinary conception of the 
tangent to a curve at a point P on it is probably this: 
the tangent is a straight hne which meets the curve at P 
but which, if turned ever so little about P as a pivot, will 
again cut the curve near P. We shall put this conception 
in a slighjbly different form which will lead to a method of 
calculating the gradient of the tangent, and therefore of 
drawing the tangent itself. 

Suppose the tangent PT at the point P (Fig. 6) to have 
been drawn, and consider its relation to any secant PS 
drawn through P and a neighbouring point Q on the 
curve. We do not assume that we know how to draw 




Fig. 6. 



the tangent; we merely make a hypothetical construction 
for the sake of the argument. We can, however, always 
draw a secant; we merely have to take a point Q on the 
curve distinct from P and to join PQ. 

Now, if Q is very near to P the angle TPQ will be very 
small, and the position of the secant PS will differ very 
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little from that of the tangent PT. Further, we can draw 
through P a secant that will make as small an angle as 
we plegise with PT ; because we can take Q as close to P as 
we please and, so long as Q is distinct from P, no matter 
how close to it, we can draw the secant PS, (This last 
statement corresponds to the property of the tangent PjT, 
that the rotation of PT through any angle, however small, 
will cause it to cut the curve again near P.) 

The tangent PT is thus the line that limits the position 
of the secant PQ as Q approaches P — limits in this sense, 
that the angle TPQ becomes small as Q gets near to P and 
can be made as small as we please by taking Q close enough 
to P. Hence we may define a tangent as follows : 

Definition. The tangent at a point P on a curve is a line 
PT such that the angle TPQ between PT and the secant 
PQ, through P and a neighbouring point Q on the curve, is 
small when Q is near to P and can be made as small as wei 
please by taking Q near enough to P. 

The following examples show the practical nature of the 
definition. 

Example 1. Show how to draw the tangent at the point P(2, 4) on 
the parabola y=3(^. 

Iiet 0M=% MP^^ ; let § be a point near P oh the curve and draw 
PR parallel to the ;r-axis to meet the ordinate Ni^ at R (Fig. 7). 




Pig. 7. 

Calculate the gradient RQjPR of the secant PQ ; we have 
and therefore || = ^^,7,^^ =4+ if i^. 
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Now, the closer Q is to Pthe less is the line MN\ further, by taking 
N close enough to M^ that is, by diminishing the length of MN far 
enough we can bring Q as close to /^ as we like. But the smaller MN 
becomes, the more nearly does the gradient RQjPR become equal to 4 

Draw, then, through P the straight line PT whose gradient is 4. 
PT will be the tangent at P ; because, the gradient of PT is 4, the 
gradient of PQ is A+MN, and we can take Q so close to P that the 
difference between these two gradients, namely J/iV, shall be as small 
as we please. In other words, we have found a line PT such that the 
angle TPQ can be made as small as we please by taking Q near enough 
to P ; therefore PT is, by definition, the tangent at P. 

Example 2. Find the gradient of the tangent at the point {xiy y^ 
on the parabola y=^oi^* 

In Fig. 7 let P be the point (^Tj, ;/i) and Q the point {x^ + &Pi, yi + hy^ ; 
then the gradient of the secant JPQ is given by the equation 

Now, when Q is close to P the increment &Fi, which is equal to MN^ 
is small, and by making ^^ small enough we can bring Q as close to 
P as we please. Let PT be the line through P whose gradient is 

PT is the tangent at P ; because, the gradient of PT is 2^^, the 
gradient of PQ is 2x^ + &t?i, and we can take Q so close to P that the 
difference between these two gradients, namely S^Fj, shall be as small 
as we please. The gradient of the tangent at {x^^ y^ is therefore ^x^, 

14 Gradient of a Curve. By the gradient of a curve at 
a point P on it is meant (§ 7) the gradient of the tangent 
at P; it will, of course, except when the curve is a straight 
line, vary from point to point on the curve.* The definition 
of a tangent given in §13 leads, as the examples worked 
in that article show, to a simple method of finding the 
gradient. 

The process for obtaining the gradient of the tangent at 
P is the following : 

First, we find the average gradient of the arc PQ (§ 7). 

Secondly, we find the number to which the average 
gradient tends as the difierence Sx^ between the abscissae 
of P and Q becomes smaller and smaller. In most cases, 
as in the examples of §13, this number is evident when 
SyJSx^ has been reduced to its simplest form. 

*It may be well to warn the beginner that the word "curve" includes 
straight hnes as well as curved lines. 
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As another example, find the gradient at the point P on the graph 
oi f\a;\ where /(:p)=a73+a;2_^^^.l^ ^\^q abscissa of P being x^. 

In this case (Exercises I. 2) 

/(^i + ^i) -/(^i) = (3^1^ + 2;ri + 1) &Pi + (3^1 + l)(&Fi)2 + (&Pi)», 
and therefore the average gradient of the arc PQ is 

^fe^=3^i2+2^i + l+(3^i + l)&Fi-f(&Pi)2. 

The terms containing &ri and {^^ can clearly be made as small as 
we please by making &i sufficiently small. In other words, Q can be 
taken so near to P that the angle between PQ and the line through 
P whose gradient is 3^i^+2j7i + 1 shall be as small as we please. The 
gradient of the tangent at P is therefore 3^1^+2071+1. 

15. Limits. The process by which we pass from the 
gradient SyJSx-^^ of the secant PQ to the gradient of the 
toigent at P is called the method of limits. When SyjSx^ 
is equal to 2x-^^ + Sx^, the gradient of the tangent, namely 
20?!, is said to be "the limit of the gradient 2xj^+Sxi for Sx^ 
approaching zero as its limit." 

It might seem at first sight as if we were merely taking 
a roundabout way of saying that 29Ci + Sx^ is equal to 2xi 
when ^35, is equal to zero ; but it is not so. Let us see how 
we found the average gradient 2a^ + Soii^; we obtained it 
from the equation 

Now, 2o(^ + Sx-^^ is obtained from the fraction by dividing 
its numerator and denominator by Sx^, This division is 
possible provided Sx^ is not zero, and not otherwise; 
division by zero is expressly excluded from the operations 
of algebra.* We cannot take a single step in our work if 
we suppose 8x^ to be zero ; graphically, we should have 
only one point P and not two points P, Q through which 
to draw a straight line. 

If the student reads § 13 over again he will see that we 
nowhere assume that Q ever coincides with' P ; rather, we 

* It is surely a violation of common sense to perform a division on the 
express understanding that the divisor is not zero and then to assume that 
we are at liberty, after the division has been effected, to make the divisor 
zero. Such a proceeding is a mere juggling with symbols. 
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base our definition of a tangent on what seems to be a fair 
view of the ordinary conception of a tangent. PT will be 
the tangent at P provided we can show that the angle 
TPQ becomes as small as we please by taking Q suflSciently 
near to P, 

In equation (1) we have a quantity fSaj, which we suppose 
to take smaller and smaller values, tending towards zero ; 
in other words, &»i is a variable which tends to zero. The 
quantity 2x^+8x^ tends, as Sx-^ tends to zero, to the definite 
value 23?!; this statement means simply that we can take 
Sx^ so small that 2x-^^ + 8x. (and therefore also SyJSx-^) shall 
differ from 2ajj by as little as we please. The technical 
form of this last statement is "the limit of 2x^+Sx^ is 2a?i 
when the limit of 8x^ is zero." 

The variable which, in this process of finding the limit, 

acts as the independent variable, namely Sx^, may tend to 

some other number than zero as its limit. For example, 

the equation x^ — a^ 

= x+a 

x—a 

is an identity so long as « is different from a. If we 
suppose X equal to a the fraction takes the form 0/0, and 
this is a mere symbol without definite meaning. On the 
other hand, the fraction has a definite limit when x tends 
towards a as its limit. For, the equation has meaning and 
is true so long as a; is different from a, and by taking x 
near enough to a we can make x+a (and therefore also 
the fraction) as nearly equal to 2a as we please. The limit 
of the fraction, when x approaches a as its limit, is there- 
fore 2a. 

16. Deflnition of a Limit. Notation. We shall now give 
a formal definition of a limit. 

Definition. When it is possible to make the argument of 
a given function so nearly equal to a definite number a 
that the function will differ from another definite number 
A hy a/s little as we please, that difference remaining as 
small as we please when the argument is taken still nearer 
to a, then A is called the limit of the function for the 
argument tending to (or converging to, or approaching) a 
as its limit. 
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The notation for a limit is the letter L, or the first three 
letters of the word limit, namely iim. The statement that 
a function y oi x has A for its limit, when x has a for its 
limit, is represented thus : 

ljy = A when Laj = a, 

or, more usually, Jjy = A, 



x=a 



This last equation is read " the limit of y for x equal to 
aia A** ; it must be remembered, however, that the phrase 
"the limit... for x equal to a "is a mere contraction for 
" the limit . . . for x converging to a as its limit." 

In this notation we have, for example, 

It may happen that the argument becomes infinite, that 
is, becomes and remains greater than any assigned number 
N, no matter how large .N may be. We thus have such 
cases as the following : 

L-=0, L tan~^a:=^, 

1+5+1 

1- *X/ "t" Oi27 *t" I -p *Xf 3(j I 

Practically, the only theorem for working with limits 
that we shall need is this : when the limit of &x^ is zero the 
limit of J. X (Jajj is also zero, where A is finite and either 
does not contain 8x^ at all or, if it does contain toj, remains 
finite as to^ tends to zero. 

The theorem hardly requires proof, but we may give a formal 
demonstration. To show that the limit of Ahx^ is zero when the limit 
of &Fi is zero, we must show that we can take ox^ so small (not equal 
to zero, but only so nearly equal to zero) that Aox-^ will be as small as 
we please. Suppose, for example, that we want to have A^^ less 
than 1/10^. If A itself varies with hx^ let A! be its greatest numerical 
value for any of the values that &Fi takes. Then, to make Ahx-^ less 
than 1/10® we need only take Zx^ less than I/^'IO® ; this choice of hx^ 
is possible because, since the limit of hc^ is zero, we can take ^^ as 
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small as we please. Note that unless A is zero we cannot make A^^ 
zero, because zero is not a value that Sa^i takes in the process. 

Example 1. Show that 

4=0 h 

We have ^^"^Y""'^ =^+^^+^^=^+(^-^^)^' 

The te'rm i^x-{-h)h can be made as small as we please by diminishing 
h ; the limit, when h converges to zero, is therefore Za^, 

Example 2. What is the value oHa^-\-x-' 2)l{2x^ + a?.— 3) when a? = 1 ? 
When d?=l we find that 

x^+x -2 ^ 1 + 1-2 ^0 
ar2+^-3""2 + l-3~0* 

Nearly every beginner says that the symbol we have obtained for 
the fraction represents 1, probably because a fraction whose numerator 
and denominator are equal is equal to 1. But such a conclusion 
implies that the numerator and denominator are not zero. What 
then is the value of the fraction when x=l ? The correct answer is 
that the fraction has not any value ; this does not mean that the 
fraction has the value which is called " nothing" but that its value is 
not defined. The symbol 0/0 has in itself no meaning whatsoever. 

The fraction has, however, a definite limit when x converges to 1 as 
its limit. For, both numerator and denominator contain the factor 
x-\ and, so long as x is diflferent from 1, we may divide them both 
by :r- 1. Hence, if ^ is not equal to 1, 

:g^+:g-2 _ {x-\){x-\-^) _ x-\-2 
2x^ + x-3~'{x-l){2x+3)'~2x+Z 

The fraction (:p+2)/(2.r+3) is equal to 3/5 when ^=1, andean be 
made as nearly equal as we please to 3/5 by making x sufiiciently 
nearly equal to 1 ; therefore its limit for x converging to 1 is 3/5, the 
same as its value when x is equal to 1. The given fraction is equal to 
(a7+2)/(2a7+3) so long as x is not equal to 1 ; therefore the given 
fraction may be made as nearly equal as we please to 3/5, by taking x 
sufficiently nearly equal to 1. In other woros, the limit of the given 
fraction is 3/5. 

17. Gradient of the Graph of Powers of x. We shall now 
find the gradient when y orf(x) is of the form 

aa^~+6cc^-i+caj~"H ... +Jcx+l (1) 

The abscissa of the point P at which the gradient is cal- 
culated is ajj and that of the point Q, near to P, is x^+Sx^. 
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(i) Take first the case y =f{x) = a^. The average gradient 
of the arc PQ is 

Sx^ Sxi 8x^ 

When the fraction is reduced we find 

ox^ 
and therefore the gradient at P is 

L |^= L{3aJi2+(3aJi+(JaJi)<JaJi} = a»i2 (2) 

«*i=o ox^ axi=o 

(ii) Let y=f{x)=x^, where n is a positive integer. 

Here f{a^ + Sx^) = (x^ + Sx^y" 

= x^"" + nx^ - ^Sx^ + A (&Ci)«; (3) 

where A contains x^ and 8x^ and their powers; the third 
term of the binomial expansion contains {Sx^fy the fourth 
term contains {Sx-^^ and so on, and therefore every term 
after the second contains the second power of Sx-^, We 
now have 

and therefore the gradient at P is 

L ^y^= L(na;i«-i+il^aJi)=7W'^'*-i (5) 

We will assume that this result holds also when n is 
fractional or negative ; a complete proof will be found in 
the author's CalcvZus, § 57. 

(iii) Let y ^f(x) = clo? +hx^+cx+d. In this case 

f(x^+Sx^) = a(Xi + SxJ^+b(x^+Sx^f+c(a^+Sx^)+d^ 
/(a?! + Sx{) -f{x^ = {^ax^ + '^hx^ + c)8x^ 

+{^ax^+h){Sx^f+a{Sx^f, 

^^ = 3aa;i2+2ba;j+c+(3aa;i+&+a5a:i)5aJi, ..(6) 
and therefore the gradient at P is 

L ^ = 3aaj2+26a;,+a (7) 
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When there are more terms the process and results are 
similar. 

Notice that the constant term d does not appear in the 
gradient, but that the constant factors a, 6, c remain as 
factors. The geometrical reason for the absence of d from 
the gradient is obvious. 

The reasoning is the same whatever particular value of 
X, such as a?!, we take. If we use the phrase " gradient of 
the function " instead of " gradient of the graph " we may 
state the results we have obtained as follows : 

grad. of aj^=3aj^; grad. of a;'*=tia?**"^ (a) 

grad. of aaj*+6a5^+caj+d = 3aa;*+26aj+c; (b) 

and for the function (1) 

grad. of aaj*»+6aj**-i+ca5**-2+...+Axc+i 

= 7ia«'^-i+(7i — l)6a:**-2+(n — 2)ca3«-^+...+Aj. ...(c) 

Exavn/pU, Write down the gradients in the following cases : 
(i) ^, (ii) 3:F8-4a;8+54;+7, (iii) 3jF^+6a7"* 

The results are : 

(i) grad. of a^=A^ ; 
(ii) grad. of 3a;3_4^+5^+7=9^_8^+5 . 

(iii) grad. of ap^+5a?"^=Jx3jc*"^+(-J)x5a7"*'^ 



18. Derivatives. Differentiation. The gradient is itself 
a function of the argument x and it has received various 
names ; as, " the derivative of y or f{x) with respect to x" 
"the differential coefficient of y with respect to «," "the 
derived function of y with respect to a:." The phrase 
" oj-derivative '* may be used instead of "derivative with 
respect to x." 

Of course when the argument is not x but some other 
variable, say t or u, the derivative is a ^-derivative or a 
u-derivative. The argument need not be named when it is 
quite clear what it is. 

The process of finding the derivative is called differentia- 
tion ; to differentiate a function means to find its derivative. 

There are several notations for the derivative. A very 
simple one is a capital D (the first letter of the word) 
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prefixed to the function; thus, Dy, Df(x), Z)(3a;2+2a;— 1). 
When the argument has' to be specified it is placed as a 
suffix to D ; thus, D^y^ D^y. 

A more common notation is that which represents the 
derivative as a fraction ; thus, 

dx dx ' dx 

This -notation is suggested by the quotient of the incre- 
ments, namely ^. The symbol ^ must for the present 

be taken ds a whole; we shall afterwards (§22) assign 
a meaning to the symbols dy and dx. When the function 
consists of several terms the derivative is sometimes 
written thus : , 

^(3«?+2«-l). 

In this form the symbol -r- (which must be taken as a 

whole, just as the form dy/dx must be taken as a whole) 
is equivalent to the other symbol D^., 

Lastly, when the function is represented by the symbol 
f(x)y or F(x\ the derivative is often indicated by putting 
an accent over the functional letter ; thus, f\x)y F\x). 

To indicate the value of a derivative for a particular 
vahie of x, the following notations are used : 

The last of these is specially convenient. 

The diversity of names and notations is apt to perplex 
the beginner, but they are all in use and have their own 
advantages. It is best therefore to master them at once ; 
the difficulty is after all more apparent than real. 

We shall now work some examples, but we note specially 
the following results, proved in § 17. 

I. To find the derivative of x'^ multiply by the index n 
and then subtract 1 from the index n (§ 17, A). 

II. The derivative of the sum of two or more terms is 
equal to the sum of the derivatives of the terms (§ 17, b, c). 



[^l.=«; 
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III. A constant term in the function does not appear in 
the derivative. We may say that tlie derlTative of a constant 
is zero. 

IV. A constant foctor of a term remains as a factor of the 
corresponding term in the derivative {§ 17, B, c). 

The following result is often useful : 

V. D(ax+by=7ia{ax-i-b)'^-\ In words, to find the de- 
rivative of the «"" power of the linear fonctioii cur + 6, 
multiply by the index n and by the coefficient a and then 
subtract 1 from the index n (see example 5 below), 

ExampU 1. Find the derivative v/hea ^=f[x) = 'U^ — 8x — 7, 

Di,=I)(4^-83:-7) = &i:-8; or,/(:r) = ar-8. 
The gradients of the graph for the values 0, 1, 2, — 1 of a^ are given 
by the equations 

/(O). -8, /(1).0, /■(2).8, /(-l). -16. 
When x=0, the tangent has a right-hand downward slope of 8 in 
1 ; when ;i;=l, the tangent ia horizontal ; when a: =2, it has aright- 
hand upward aiope of 8 in I ; when a-= — 1, it has a right-hand down- 
ward slope of 16 in 1. (Compare Fig. 8.) 



Note. To draw the tangent at P when its gradient is 
—8, move to the right one horizontal unit, then downwards 
8 vertical units; or, move to the right one-tenth of the 
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horizontal unit; then downwards eight-tenths of the vertical 
unit, etc., and join P to the point so found. In drawing 
the tangent attention to the scales of the figure is necessary. 

Example 2. Differentiate y = y/j^ -{ -^ + -7-5. 

Write 3^=;j7^-f 2a:-i-3ar-2+4r"* ; 

then ^==|a;^+(_i)2;F-2_(_2)3^3+(_|)4^-} 

The student should make sure that he knows the working rules of 
indices. A common blunder is to add 1 when the index is negative, 
making, for example, Dx~^ equal to - 2ic~^ instead of -- 2.v-^, 

A frequently occurring result is that of the derivative of ^/a? ; 

Example 3. Find dp/dv when (i) pv— Cy (ii) jtw'*'= G. 

(ii)p=|=C.-.; J=-,(^-.-i=-^^ 
Example 4. If a = F^ - J^^, find ds/dt 

dT ^-^- 

Example 5. If y = {ax + 6)*, find dyjdx. 

Here yi+5yi=W^i+&ri)+6}«={(«^i + ft)+«Sa:ir, 

so that yi+Syi=(aa?i+6)"+i^(cM?i + 6)'*-*a&Pi+il(8^i)2, 

and therefore, exactly as in § 17 (4), 

Hence g=^(^£±^=^(a^H.ft)-i. 

The result of this example is very useful ; it holds for all values of 
n. As particular cases we have, for instance, 

2)(3a7+2)«=2x3(3^+2)=18^+12. 
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We can verify the first of these by expanding the square ; thus, 
(3^+2)2=9:r2+ 1207+4; D{9j^+12j:+4)=ISx+12, 

Example 6. Find a function of x whose derivative is ;c* — ^+1. 

To solve this little problem, we must remember the rules of 
differentiation. If after differentiation, the index of .v is 2, then before 
differentiation it must have been 3 ; but in differentiating a^ we 
multiply by 3, and therefore we must put in the factor J. Thus to 
get or, we differentiate Jo?'. Similarly to get o?, we differentiate ^jp*, 
and to get 1 we differentiate a:. Hence 

is a function whose derivative is .i;*— o:+l, as may at once be tested 
by differentiation ; this function is called an integral of a^ — x-¥l and 
the process of finding it is called integration. Integration is taken up 
in Chapter V., but the student will find it to be good practice in 
differentiation to go through the inverse process of integration. 

If any constant terra, C say, be added to the function found above, 
this new function will still have x^-x+l as its derivative (§18, III.). 
The function containing this constant is called the general integraL 
For the present, the constant term need not be added to the integral. 

Example 7. Write down the integral of (i) -^, (ii) y/x. 

We find (i) Integral of ^=Int of x''^= —x~^= — 

(ii) Integral of iy,a;=Int. of o?*= jo7^=|>^o?'. 
Test the results by differentiating the functions obtained ; thu% 

EXERCISES. II. 

Write down the derivatives of the functions of x in examples 1-30. 
1. bx. 2. 6x+7. 3. 4a^. 

4. 4o;8-10. 5. *Ix^-l2x+6. 6. 3+lla:-2o?8. 

7, dx^-4x^-x+l. 8. 3-2a?«+4ca-6o?*. 9. (x+l){x+S). 

10. (3r-2)(2a?+3). 11. (x+l)(x+2)(x+S), 12. (cu?+6)(aF+/> 

13. x+h U. x^+K 15. 4r+3-5. 

X JT a 

16. ax+h+-, 17. ^"^^"^^ 18. (2or+l)3. 

X X 

19. (2a;+l)». 20. {\-xf. 21. (3-*)*. 
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25- (3-2^- 26. V(2^+3). 27. -j^^^^^. 

28. 4^(2 -&r). 29. '^"'^'''^ 30, '>^-f^+^^+'^ , 

Diflferentiate with respect to the variables t, u, v the functions 
31-40. 

31. lOt-StK 32. — . 33. ^. 34. ^ 



V ' ^f v+3 

35. a+bt+ct^ 36. J(3u-4). 37. /(^_4) ' 

38. 324(w-5). 39. at+b+i> 40. ^. 

Integrate with respect to a: the functions 41-50, testing the results 
in each case by differentiation. 

41. ^a^+x-l. 42. ^+1-^. 43. 2x^+~o' 44. 4- 
^- (3^+2/ *^- 7(3^+2)' ^^' 4^2-12^+9* 

19. Bate& Variation of a Function. Before reading this 
article the student should glance again over §8; the 
substance of that article will now be presented in a more 
definite form:. the results obtained from inspection of the 
figure will be expressed in terms of numbers. 

When X increases from x^ to x^ + 8x^, the function 
/(a;) changes from f{x^ to /(a?i + toi); the change in the 
function is therefore 

f{x^ + Sx-^ -/K), that is, Sf{x^. 

The average rate at which f{x) changes, as x increases 
from aj^ to 0?! + Sx^, is Sfix^jSx^ When f{x) is represented 
by a graph this average rate is the gradient of the chord 
PQ of the graph, where P is the point on the graph, whose 
abscissa is x-^ and Q the point whose abscissa is a^^+Sx^. 
(See §7.) 

The gradient of the tangent at P, that is, fix^ is the 
number which measures the rate at which f{x) is changing 
when X is.equal to x^ (§ 7.) 
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In order therefore to find out how a function f(x) changes 
as X increases from one value, a say, to another value 6, we 
have merely to examine the value of its derivative /'(x) for 
the values of x from x = ato x=b. We go on to show that 
the mere sign of /X^) gives much information. 

When f\x) is positive, the tangent has a right-hand 
upward slope ; as the graphic point P moves to the right it 
also rises, and the value of the ordinate or function increases 
algebraically. (If the point P is below the a;-axis a rise of 
P means that its ordinate decreases numerically but, since 
the ordinate is negative, this means that it increases 
algebraically.) 

When f\x) is negative, the tangent has a right-hand 
downward slope ; as P moves to the right it also falls, and 
the value of the ordinate or function decreases algebraically. 

Hence, the sign of the derivative fXx) tells whether the 
function f{x) is increasing or decreasing. To test how f(x) 
changes as x increases from any value, a say, we first cal- 
culate f\a). If fXa) is a positive number, then f(x) 
increases when x becomes greater than a ; but if fXa) is a 
negative number, then /(a;) decreases when x becomes greater 
than a. If we suppose x to become less than a, then 
f(x) will decrease when f(a) is positive, but will increase 
when fXa) is negative. 

We have still to consider the case for which /'(^) is zero. 
When fX^) = 0, the tangent is horizontal ; the rate at which 
P is rising or falling, for those values of x that make fX^) 
vanish, is zero, and P is for the moment stationary. The 
value of the function is also said to be stationary; in most 
cases a stationary value is a turning value. 

Hence, to find the turning values of a function f(x) we seek 
those values of x that make fXx) equal to zero. For the 
method of deciding whether the turning value is a maxi- 
mum or a minimum, see the following examples and § 21. 

Example 1. If f(x) = 4^ — 8vF - 7, trace the variation of the function 
as x increases from — oo to + oo . 

We have /(^) = 8(^7 - 1). 

If ^ < 1, then 8(a?- 1) is negative. Therefore for every value of a; 
less than 1 the derivative is negative, so that as x increases from — oo 
to 1 the function steadily decreases ; f{ai) decreases from +oo to -IL 

G.I.C. 
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If T> 1, then 8(»— 1) is positive. Therefore for every value of x 
greater thaa 1 the derivative is poaitive, so that as x increases from 
1 to +3^ the function steadily increases ; J{x) increases from —11 
to +«. 

If x^\, the derivative is zero. Therefore /(I) is a stationary value 
of the function, obviously a minimum value. 

These conclusions agree with the character of the graph of the 
function (Fig. 8, p. 29). 

Example 2. Graph the function/(j;) where 

/(.f) = 2j;3-9j^-12.F+34. (I) 

Find/" (a;) and eipress it in factors ; we have 

/W.S.--lSi^l2.8{(,-J)>-(4^)'), 

or, since ^\l=Ar\2Z approximately, 

/(:c) = 6(r + 0-66)(:c-3-S6). (2) 

The derivative /(x) is zero when x= -0'56 and when ar— 3-66; 
the corresponding values aif{x\ namely /(- 056) and/(3'56) where 

/( - 0-56)=27-65, /(3-56)= - 42-65, 
are •tatioaary values of the function. 



FlS.9, 

We must now examine the tign of f{x) as x varies from -«i to 
+ 03. Since a product changes its sign when <me of Us factor* changes 
sign, we see from (2) that f(x) can only change sign when x paBses 
through the values -0'56 and 3'56 ; these two values of x guide ub 
in tracing the sign of f{x). 
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If a: < — 0*56, that is, if x is negative and numerically greater than 
0*56, both factors of f(x) are negative and therefore f{x) is positive. 
Hence as x increases from — oo to —0 56 the function f{x) steadily 
increases and the tracing point of the graph steadily rises ; since 
^( — oo)= — 00, the tracing point rises from the extreme low left to 
the point (-0*56, 27-55). 

It X > -0'56 but < 3*56, the first factor of f'(x) is positive, the 
second factor is negative and therefore fix) is negative. Hence as x 
increases from — 0*66 to 3*56 the function r{x) decreases from 27'55 
to — 42*55. The stationary value /( — 0*56) is therefore a maximum 
value. 

If a? > 3*56, both factors of f(x) are positive and therefore f{x) is 
positive. Hence as x increases from 3*56 to + oo the function f{x) 
increases from -42*55 to +oo. The stationary value /(3*66) is a 
minimum value. 

We now know how f{x) varies through its whole course. To show 
the use of the gradient in actually plotting the graph, we have 
marked in Fi^. 9 certain points and have drawn short lengths of the 
tangents at these points. To complete the graph within the range 
indicated, we must join the points by a smooth curve and see that 
this curve touches the line at each point. It will be observed that 
the curve practically coincides with the tangent for a considerable 
distance on each side of the point of contact. The following values 
are shown : 



X 


-2 
-4 


-1-5 


-1 
25 
12 


-0-66 





1 


1-5 


2 


8 


8-56 


4 


4-5 


5 


6-5 


A') 


15 


27-56 


24 


5 


-7-6 


-20 


-89 


-42-65 


-40 


-80 


-11 


18-5 


fix) 


48 


28-5 





-12 


-24 


-25-6 


-24 


-12 





12 


28-5 


48 


70-5 



Example 3. Find the point of inflexion on the graph of the 
function discussed in example 2. 

A point of inflexion on a curve is one at which the gradient has a 
turning value (§9). Now, if the tabulated values of f(x) are 
examined it will be seen that they decrease from 48, when ^= — 2, 
to —25*5, when a? =1*5, and then increase to 70*5 when 07=5*5. The 
gradient has therefore a turning value at or near the point for which 
ir==l*5. 

To test the matter definitely, let us for the moment choose a new 
functional symbol for the gradient, say 0{x) ; then 

G(x)=f(x)=:ex^-lSx-U. 

The turning value of the function 0(x) is obtained by finding the 
value of X for which the derivative G^x) vanishes ; but 

G'(x)=^D{6a^^l8x-l2)=12x-lS, 

and therefore (?'(.r) = when j? = 18/12 = 1*5. When ^ = 1*6 the 
gradient G{x) is a minimum ; because G'(x) is negative when ;r < 1*6 
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and positive when ^> 1*5. In other words, the gradient is a de- 
creasing function so long as x is less than 1*5, and an increasing 
function so long as x is greater than 1*5 ; the value of the gradient 
when X is equal to 1*5 must therefore be a minimum. 

We thus see that the point for which ^=1*5, that is, the point 
(1*5, —7*5) is a point of inflexion on the graph of f{x) ; but we have 
obtained the additional information that the graph has no other point 
of inflexion, because the gradient has only one turning value. 

20. Derived Curve. In the last example we have used a 
new functional symbol for the gradient /'(aj). The gradient 
is a function of x, and we shall find it convenient for the 
present to use a special functional letter, such as 0, to 
denote the gradient. 

In plotting the graph of f{x) it is convenient to employ 
a single letter, y say, to represent the ordinate. We may 
similarly employ a single letter, z say, to represent the 
ordinate of the graph of G(x); the expression for the 
gradient being known, we may plot it just as we plot any 
other function of x. 

Definition. The graph of the derivative of a function 
f(x) of X is called the derived curve of the function f(x). 

We thus obtain for any function f(x) two curves ; one is 
the graph of the function itself and the other is the graph 
of the derivative of the function. In plotting the two 
curves the cc-scale should be taken the same for both ; the 
scale for the ordinates will usually need to be different. 
The ordinate of the derived curve will be proportional to 
the gradient at the corresponding point of the graph of 
the function. 

For example 2, § 19, we shall have the equations 

y=/(a;) = 2aj3-9fl;2^12« + 24, (1) 

z=Q(x)=f(x)==6x^-lSx-12 (2) 

The turning point of the graph of (2) is the point of 
inflexion of the graph of (1). 

The graph of (2) will show clearly the various changes in 
the gradient of the graph of (1) ; it will in fact represent 
the variation described in §9. When the ordinate z is 
positive, the ordinate y is iTicreaMng ; when z is negative, y 
is decreasing ; when z is zero, y is stationary. 

This graphical method of tracing the variation of the 
gradient is often useful. 
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21. Ma.xima> and Minima. The values of x that make 
f(x) a maximum or a minimum are (§ 19) the roots of the 
equation f\x) = 0; but it may quite well happen that a 
value of X which makes fX^) vanish does not make f(x) a 
maximum or a minimum. For example, if f(x) = x^y then 
f'(x) = Sx^ and vanishes when 03 = 0; hut f(x) is neitiier a 
maximum nor a minimum when 03 = 0. The origin is a 
point of inflexion. 

It is often troublesome to test whether a root of the 
equation f(x) = does actually make/(aj) a maximum or a 
minimum. A straightforward, though often tedious, 
method is the f ollowmg : let a be a root of f'(x) = and 
h a small positive number ; calculate/(a),/(a — ^), /(a+A). 
The values found will show at once the nature of /(a). 

The best method is to examine the signs oif{a — h) and 
f\a + h). If f(a — h) is positive and f\a + h) negative, then 
f{a) is a maximum; if /'(a— A) is negative and f\a + h) 
positive, then f(a) is a minimum. (See also §24, example 2.) 

In many cases, however, the nature of the problem shows 
whether a maximum or a minimum exists, and then the 
value of x that makes f\x) vanish will give the solution. 

Example 1. If /(x) = 4jc^ - 27a? + 6, find the turning values. 

f(x)=12x^-21 = l2{jc+l-5)(x-l'6) 
and f{x)=0 when x= — 1*5 and when x= + 1*5. 

We now test these values. 

First Method, Take A=0*6 ; then 

/(-l-5)=32;/(-l-5-0-5)=/(-2) = 27;/(-l-5+0-5)=/(-l)=28, 

and therefore/( — 1*5) or 32 is a maximum ; 

/(I -5)= -22 ; /(r5-0-5)=/(l)= -18 ; /(l-5+0-5)=/(2)= -17, 

and therefore /(1*5)= -22 is a minimwm ; ( — 22 is algebraically less 
than either -18 or -17). 

Second Method, It is only the sign off(x) that we need ; there is 
no necessity for calculating the value. We suppose A to be small and 
positive, 

/(-l-5-A) = 12(-;i)(-3-A) = 12(-)(-)=+, 

^'(-.1.5+A)=12(A)(-3+^) = 12(+)(-)=-. 

Hence as x changes from -1*5 -A to -1*5+ A, the derivative 
changes from + to - , and therefore f{x) changes from an increasing 
to a decreasing function. /( — 1*5) is therefore a maximum value 
of/(x). ^ ■'^ 
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so that 
Now, 



Again, 

/(l-5-A)=12(3-A)(-A) = 12(+)(-)= -, 

/(l-5+A)=12(3+/0(A)=12(+)(+)= +. 

In this case f'{x) changes from — to +, and therefore /(I '5) is a 
minimum value oi f{x). 

Note The value —1*5 of x makes f{x) a maximum, or gives a 
maximum value of f{x)\ it is /( — I "5) (that is, 32), that is the 
maximum, riot — 1 '5 as the beginner often says. 

Example S. If f{x) = 3a:* - 8^ + Qa^ — 10 find the turning values. 

f{x)=-\2ar^-2Aj(^+\2x^\2x{x-\)\ 
f{x)=0 when x—0 and when J7=l. 
/(-A)=12(-A)(-A-l)«=12(-)(+)=-, 
/(A)=12(A)(A-l)«=12(+)(+)= +. 
Hencey(O), which is equal to — 10, is a minimum. 
Again, /(l-A)=12(l-A)(-A)2=12(+)(+)=+, 

/(l+A)=12(l+A)W=12(+)( + )=+. 
In this case f{x) does not change sign as x increases through the 
value 1 ; f{x) increases as x increases from 1 —A to 1 and continues to 
ificrea^e as x increases from 1 to 1+A. The point on the graph of 
f(x) for which j?=l, namely (1, -9), is a point of inflexion. We 
can confirm this by finding the points of inflexion on the graph off(x). 
Let 0{x) be the gradient ; then G(x)=f(.v)=l2x^-24x^'hl2x. 

0'(x)=36x'^-48x+l2 = 3e(x'-i)(x-l). 

When ^= J, 0(x) is a maximum, and when x=lyO(x)ia& minimum. 
Hence the points (J, -^V), (1, -9) are points of inflexion on the 
graph of f(x). 

Example 3. Find the greatest (right, circular) cone that can be 
inscribea in a sphere of radius R. 

A 




Let ^5^ (Fig. 10) be a section of the cone by a plane through its 
vertex A and the centre of the sphere. The volume of the cone 
ialirBC^.Aa 
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Let OC-^x\ then AC^R+x and BC^^B^-a^. The volume is 
therefore 

and, since irjZ is a constant, the volume will be a maximum when the 
expression in the bracket is a maximum. The problem therefore 
becomes : iif{x)—S?'\-B?x—Ra^-'a^^ find the maximum value oif(x). 

We have f(x)=RJ^''2Rx-3x^={R-hxXR-3x\ 

2jidf{x)^0 when x== —R and when x=lR. 

The value x~ —R makes f{x) equal to ; the value J/2 makes f{x) 
a maximum. It is, in fact, obvious that there must be a maximum, 
and it can only be the value given by x=^R, The maximum cone 
has the volume 327r/2V81 or 1*24/?. 

Note that for the maximum cone 

sin^^C=l/s/3andz.5^(7=35* 16'. 

Example 4. Find the maximum value of the curved surface of a 
cone inscribed in a sphere of radius R, 

The curved surface (Fig. 10) is irBCAB and, in the notation of 
example 3, is equal to 

7rV(/22 - x^WiiR^ ■'X^+{R + xy}or 7rs/{2R)^(R^ +R^x- Ra^ - ^). 

Now, since we are only concerned in this case with positive 
quantities, the curved surface will be a maximum when its square is a 
maximum. But the square is '2,'ir^Rf{x\ where f(x) has the same 
meaning as in example 3. Hence, the factor '^ii^R oeing a constant, 
the curved surface will be a maximum for the same value of x^ 
namely J/2, as in example 3 ; the maximum value is SttR^/S^Z or 
4-84/K 
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^ote. The cylinders and cones referred to in the examples are 
right circular cylinders and cones. 

Find the turning values, stating their nature, and the points of 
inflexion on the graphs of the functions 1-18. 

1. 10+15^-3jrA 2. (2x+3)(6-xy 

3. ^-ar+2. 4. 4ar3- 16^:2+12^-2. 

5. 2^-3072 -12a? +10. 6. 3:r*-8:r8-ar2+24^-ll. 

7. '^-4x^-10, 8. ^-5ar*+6^+10. 

9. (1+^)2(1-^2). 10. ^-3(1-^)2. 

11. (^-l)(a:-2)(a?-3). 12. a?(9-^). 

13. ^(9-:r2). 14. ^(9-^). 

15. (ar2+3a7+18)/^. 16. (^+^+2)/(:r-l). 

17. (2x^+Sx^+8)/a^. 18. {la^-ZOx^+llx^-Syx^. 
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19. Show that the altitude of the cylinder of maximum volume 
that can be inscribed in a sphere of radius R is 2R/,sj3, 

20. Show that the curved surface of a cylinder inscribed in a 
sphere of radius i2 is a maximum when the altitude of the cylinder 
i8s/2.R. 

21. Show that the altitude of the cylinder of maximum volume 
that can be inscribed in a cone, whose altitude is h and the radius of 
whose base is /2, is JA. 

22. Show that the curved surface of a cylinder inscribed in the 
cone of example 21 is a maximum when the altitude of the cylinder 
is ^k. 

23. A cylinder is to be constructed and its total surface is to be 
A square inches ; show that the altitude of the cylinder of greatest 
volume that satisfies the condition is twice the radius of its base. 

[Let the altitude of the cylinder be y in. and the radius of its base 
a? in. ; then its volume is irx^t/ cub. in. and its total surface 2Tra!7/+2ira^ 
sq. in. But, by the given condition, 

27rjn/+2Tra^=A, 

so that wan/ =i(A- ^iraP)^ iro^ = \{Ax - STr-r^). 

The problem therefore reduces to that of finding the maximum 
value of \{Ax — 2tzo^)^ 

24. The strength of a rectangular beam varies as the product of 
the breadth and the square of the depth of the beam ; find the breadth 
and depth of the strongest rectangular beam that can be cut from a 
cylindrical log, the diameter of whose cross-section is d inches. 

25. From a rectangular sheet of tin, the sides of which are a and h 
inches, equal squares are cut off at each corner and a box with open 
top is formed by turning up the sides. Find the side of the square 
so that the box may have maximum content. 

26. If x-^y—hy a constant, find the maximum value of 3^y\ all the 
quantities being positive. 

Prove from your result that 

unless x\Z^y\2 or a=h, in which case there is equality. 

27. The same problem as in example 26 for x^y\ Deduce 

(i)'(ir<('-?)^ *<(^:-^)* 

unless xl5=y/3 or a =6, in which case there is equality. * 

What would you infer the inequalities deduced from x^y^ to be ? 
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DIFFERENTIALS. HIGHER DERIVATIYES. 

22. DiflferentiaJs. In Fig. ]1 let OM=^x, MP = y=f(x), 
MN== PR^&c, RQ^Sy and let the tangent PT cut NQ at 
T; PR is parallel to MK 




The gradient of the curve at P is RT/PR, and its value 
is the value of dy/dx ov f{x) when x = OM. 

Now suppose that a point moves along the curve AP, 
but, when it comes to P, suppose it to proceed, not along 
the arc PQ but along the tangent PT. The increment of 
the ordinate of the moving point is, on this supposition, 
not RQ or Sy but RT. This hypothetical increment of y is 
called the differential of y and is denoted by dy (or df(x), 
when f(x) is used in pl«u5e of y) ; the symbol dy must, like 
Sy, be taken as a whole. 

We thus have 

Jy = actual increment of the function y^RQ, 

^2/ = differential of the function y = RT. 
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The hypothetical increment of the independent variable 
X is the same as the actual increment JfAT or &c ; we may 
therefore write dx, the differential of a?, in place of Sx, thus 
securing a symmetrical notation. 

we deduce dy=df{x)=f\x)dx, (1) 

so that f{x) is the coefficient of the differential dx ; hence 
the name " differential coefficient." 

From (1) we see that the differential of a fdnction/(a;) is 
equal to the derivative f{x)y multiplied by the differential dx 
of the independent variable x. 

For example, 

d{aF)=^xdx; d{a^)=naf*-^dx: ; c?(3a:*-^+4)=(6a?-l)d[r. 

Instead of the brackets, a point is often used when the function 
contains only one term : thus, d»a^, d,ai". The notation da^^ without 
brackets or point, is usually tietken to mean (cLr)^, that is, the square 
of dx. 

When the independent variable is, say, ^ or i« we have 

d.t^=-2tdt; d(y/t) = ^dt^-^; d(u^-u)=:(3u^-l)du. 

23. Approximations. In the definition of dx there is no 
limitation as to its magnitude ; we may choose dx of any 
size we please but, when dx has been chosen, the magnitude 
of dy becomes definite because dy=fXx)dx. In practice, 
however, dx (and therefore also dy) is usually supposed to 
be small ; when dx is small, dy is a good opproxi/mation to 
the value of Sy^ as will now be proved. 

Let the value of SyJSx^ in § 17 be examined; it will be 
seen that in every case it consists of two terms, namely (i) 
the derivative, (ii) a term of the form ASx^ We therefore 
have, for any value of cc, an equation of the form 

Multiplying by Sx we find, since Sx^^dx ajid f(x)dx — dy, 

Sy=fXx)Sx+A{SxY = dy+A(dxY. 

Now, the fractional error involved in replacing Sy by dy 
is(8y-dy)/8y. 
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If, therefore, dx is small the fractional error will usually 
be small, because A and f(x) are usually finite quantities. 
Of course, in all approximations it is, as a rule, the 
fractional and not the absolute error that is of importance. 

If then y=f(x) and y + Sy=f(x+dx) we have as 
approximate equations, when dx is small, 

f{x+d<c)'-f(x)^Sy=^dy=f{x)dx, '...(1) 

f{x+dx)^f{x)^f\x)dx, (2) 

where, it wiU be noted, the term in {dxf does not appear. 

Geometrically, RQ (Fig. 11) is approximately equal to 
RT when MN is small. 



Example. Let f{x) = a^ ; then dy =f{x)dx = ^xdx. 
If JF=2 and dx=0% then dy=0% 83^=0-41. 



If ^=2 and cLf=0-01, then c?y=0-04, 8y=00401. 

When dx=^0'\ the absolute error in taking dy for 5y is 0*01, the 
fractional error is 1/41 and the percentage error about 2^. 

When cLr=0'01, these errors are respectively 0*0001, 1/401 and 
about J. 

The errors involved in td^img f{x)-{-f{x)dx in place off(x+dx) in 
the two cases are 0*01, 1/441, 0*23 and 0*0001, 1/40401, 0-0025 respec- 
tively. 

Examples 26-29 of Exercise lY. should be noted. 

A very useful case of (2) is obtained by putting /(a:) =aj'*; 
writing h for dx we find when h is small 

{x+h)''=x''+nx'"% (3) 

The approximate values given by equations (1), (2), (3) 
may be csilled first approximationa to Sy,f{x+dx), (x+hy 
respectively. 

As a method of approximation, the principle of rejecting 
squares and higher powers of small quantities, such as dx 
is supposed to be, is of great importance. It may be noted, 
as a hint that can often be turned to good account, that 
in finding the limit of SyJSx^ we may at tihe outset reject the 
squares and higher powers of Sx^, for the simple reason that 
these have no influence on the limit. Thus, in § 17 (3) the 
terms denoted by A(Sx^y might have been rejected at the 
start; because in equation (4) they appear as ASx^, and the 
limit of ASxi is zero. Terms such as A(Sx^y are sometimes 
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said to be neglected as being "infinitely small" in com- 
parison with those retained ; but this phraseology is apt to 
mislead the beginner, especially when associated with a 
doctrine of different kinds of "nothing." For a more 
detailed treatment of this matter, see the author's GcdcvZua, 
§§86,87. 

24. Higher Derivatives. The derivative of a function 
2/ of a? is usually itself a function of x and therefore has a 
derivative. Thus, iiy = a;*, then Dy = 4fcc^ ; but B (4a;^) = 1 2x^, 
that is, the derivative of the derivative of aj* is 12aj^. The 
function D{^a?) or 12x^ is therefore called the second deri- 
vative of x^. Similarly, Z)(12a;^), that is 24a;, is called the 
third derivative of x^ and so on. D{x^) may now, for 
distinction, be called the first derivative of aj*. 

The notation for the higher derivatives is modelled on 
the notation for indices. Thus, 

the first derivative of y is Dy ; 

the second D{Dy\ written D^^^; 

the third D(D^y), D^y; 

the nth D{]>-'^y\ D^y, 

The suflSx X, t, ,.. is inserted when the argument has to 

be specified ; thus, B^y, B^y ... B?y, B^y 

In the (l\dx notation these derivatives are written thus : 

^^ dx^ dx'' ^y da?y dx^ 
and so on. 

The accent notation is also used; thus fXx) means the 
2nd derivative of /(a?), f'Xx) the 3rd derivative and so on. 
The tith derivative is f^'^\x), the n being put in brackets. 

The student should note examples 2 and 3. 

Example 1. If tf==aa:^+ba^+cji^+dx+e find the first four deriva- 
tives of y. 

2)y or -^=4cux!^+Shx^+2cx+d ; 
Z>2y or ^=12aa72+66^+2c; 
Z)3y or ^^ = 24a^+66; D*^ or ^=24a. 
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Since D^y is a constant, the 5th and all higher derivatives are in 
this case zero. 

Example 2. If f(x)=0 when x—a, show that /(a) will be a 
maximum value of f{x) provided f"{p) is a negative (not zero) 
number, but that /(a) will be a minimum value of f{x) provided 
f'(a) is a positive (not zero) number. 

Let A be a small positive number, then, provided f'{a) is not zero, 
the function f"{x) will have the same sign when x is equal to a — A or 
to a+ A as it has when x is equal to a ; because the three values of 
f'{x) cannot diifer much from each other. 

Now, /(a) is a maximum value of f{x) if, and only if, the gradient 
f(x) is positive when ^=a — Aand negative when x=a+h. Hence, 
as X increases from a — h to a+A, the function f{^) decreases 
(algebraically), and therefore (§ 19) the derivative ot f(x) must be 
negative. But the derivative of f(x) is f'{x\ and therefore, as x 
increases from a — h to a+A, f\x) must be negative ; that is, f"{a) 
must be negative. 

In the same way the other part of the theorem is proved \ f{x)\B 
now an increasing function. 

If f'{a)=0 the reasoning fails ; it will be a good exercise to show 
precisely where it fails. 

We have here obtained a test for a mairinniTn or TnlniTnnin that is 
sometimes useful. 

Thus, in § 21, example \^f'{x)=2Ax, Now, 

/'(-l-5)=-36, /'(l-5)=36, 
so that /(-1*5) is a maximum and /(I '5) a minimum value of f{x\ 

Example 3. Show that the abscissae of the points of inflexion on 
the graph oif{x) are the roots of the equation ^'(^■)=0' 

At a point of inflexion the gradient /'(^) has a turning value (§ 19, 
example 3) ; therefore the abscissa of such a point must make the 
derivative of f'{x) equal to zero, that is, it satisfies the equation 

To be certain that a point of inflexion is present, the test \h&tf{x) 
has a turning value should be applied. 
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Write down the diflferentials of the functions 1-13. 
1. 2^+3. 2. ax+K 3. 3^+1. 4. aa^-\-h. 

5. :f2+4. 6. ^2+a2. 7. a^-a^. 

8. 3^:2-4^+7. 9. ax/^ + bx+c, 10. ^x. 

11. -)-. 12. a^+4 13. a^"+4 

i^X X* 3r 
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Write down functions of which the functions 14-25 are the 
differentials. 

14. ^cfcp. 16. {a:+l)dx. 16. {^J^+iydx, 

^„ dx IQ ^ 10 ^^ 

20. ^.. 21. ,-^. 22. ^" 



23. (t*+2+^)rft^. 24. ^flfe. 25. ^%. 

26. lif{x) = 3a?^ - J7 - 3 find the first approximation to / (^ + dx). 

One root of 3^—^—3=0 is 1*18 approximately ; calculate a better 
approximation. 
[Let 1-18+ A be the root ; then /(1*18+A)=0. But, since A is 

small, /(1-18+A)=/(1-18)+/(1'18)A» 

so that /(1-18)+/(1-18)A=0, A= "/{nly 

Now, /(1-18)= -0-0028, .f (M8)=6-08, so that A=0-00046 and the 
root is 1*18046. Note that in § 22 we may if we please suppose dx to 
be negative, for Q may be taken on the other side of P.] 

27. The equation 3r^ - 4^ — 5 =0 has one real root which is, approxi- 
mately, equal to 1*5 ; find a better approximation. 

28. The real root of the equation 3^4-5jf-40=0 is 2*13 approxi- 
mately ; find a better approximation. 

29. One root of the equation a^-4j7*-7^+24=0 is 2*18 approxi- 
mately ; find a better approximation. 

30. Show that equation (2), § 23, may be written in the forms 

(i)/(6)=/(«)+(6-«)/(«X 
(ii) /(x)=/(0)+x/(0). 

Illustrate by graphs. 

Apply § 23 (3), or Example 30, to prove the approximate equations 
in Examples 31-36 ; test the approximations in any way you can. 

3L V(l+^)=l+i^. 32. V(l+^)=l+i2?2. 

33. V(«+^)=>+25^. 34. ^(j^^^^P+~' 

1 \ X a^ 
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Write down the second and third derivatives of the functions 37-48. 
37. 3a;8_5^+7. 33^ lOa^-l5a^+l2a^+Sa:-'5. 

11 11 

39. -. 40. 4 41. -4^. 42. 



43. flwr+6+-+4. 44. »Jx, 45. 4-- 

46. ~. 47. ^(a-;r)2. 48. ar^ia-xf. 

Find the points of inflexion on the graphs of the functions 49-53. 

49. 2:p3-7j:+3. 50. 4r3-27a?+5. 51. ^+4a^-^x-\-2. 

62. (x+l)(x+2){x+S). 53. x^ia-xY, 

54. Show that (with the usual disposition of the axes) the graph 
off(x) is oonoave npwards for all values of x that make jTix) positive, 
but is convex npwards for all values of x that make j^(x) negative. 
(See§9.) 



CHAPTER IV. 

APPLICATIONS TO MECHANICS. FURTHER THEOREMS 

ON DIFFERENTIATION. 

25. Applications to Mechanics. The gradient at a point 
P on the graph of a function y or f{x) measures the rate at 
which the function increases with respect to x, for the 
particular value of x which is the abscissa of P (§ 19). 
The characteristic word for expressing a rate is per. 
Thus, if the gradient of a road is 1/20 the road rises 
l/20th of the vertical unit per unit of horizontal advance, 
or 1 vertical unit per 20 horizontal units. Again, the 
speed of a train may be 30 miles per hour; the rate at 
which the velocity of a falling body is accelerated is 
32 units of velocity (feet per second) per second, and 
so on. 

In algebraical language, if, as the independent variable 
increases from x to x + Sx, the function increases from y to 
y + Sy then Sy/Sx measures the average rate at which y 
increases for the increment Sx; the limit of Sy/Sx (which 
is denoted by dy/dx) measures the rate at which y increases, 
for the value x of the independent variable. If y is, for 
example, a number of square inches and x a number of 
seconds, then dy/dx means "so many square inches per 
second *' ; if oj denotes a number of degrees of temperature, 
then (y being a number of square inches) dy/dx means " so 
many square inches per degree of temperature," and so on. 
The student should accustom himself to thinking of this 
meaning of a derivative. 

We shall now take some examplea 
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Example 1. Velocity, Acceleration, Force. At time t (seconds) 
from a chosen instant, a particle of mass m (pounds), which is moving 
along a straight line, is at the distance x (feet) from a fixed point on 
the line. If the velocity of the particle is v (feet per second), the 
acceleration a (feet per second per second) and the force acting on it 
F (poundals), express v and a as ^derivatives, and write down the 
equation connecting F^m^ a. 

The velocity at time t is the rate at which the distance x is increasing. 
When t increases to t-\-^t let x increase to ^+&r; of course, if x 
decreases the increment &r is negative. The average velocity during 
the interval ht is &r/S^ ; and the velocity at time t, from which the 
interval 8t begins, is the limit of 8x/8t for 8t converging to zero. 

Therefore v=-j-=DfX. (i) 

(To save needless multiplication of symbols we have not taken a 
value ti, as we did in finding derivatives ; we suppose for the moment 
that t has some definite value and we hold that value fixed while 
finding the limit. The process is identical with that adopted before.) 

Again, suppose that during the interval St the velocity takes the 
increment 8v ; then &v/8t is the average rate of increase of v, that is 
the average acceleration, during that interval. Hence 

dv d^x /..v 

"=^=^ • ••••<"> 

Newton called v the fluxion of Xy and a the fluxion of v or the second 
fluxion of ^ ; ;r and v he called the fluents. His notation for a fiuxion 
is a dot placed over the fluent ; thus, 

v=x; a=v=x (iii) 

This notation is still used frequently in mechanics when the time is 
the independent variable. 

By the second law of motion, the force F (poundals) in the direction 
of motion is the time-rate of change of the momentum mv. Therefore 

-, d(mv) dv ,. V 

^^dT'^'^drr""^ ('^) 

Example 2. Pressure at a point in a fluid. Let the pressure 
exerted on either side of a plane area, s square inches, drawn in a 
fluid be 2? pounds ; the average pressure per square inch over the area 
is therefore pjs. If P is a point within the area, the pressure of the 
fluid a^ P is the limit of pjs as the area s tends to zero, the point P 
being always within the area. The pressure at a point is thus a rate 
of pressttre, and is expressed as so many pounds per square inch ; 
instead of " pressure at a point " the phrase " the intensity of pressure 
at a pc^nt " is frequently used. 

Example 3. Elasticity of volume of a fluid. Let jo (pounds 
per square inch) be the intensity of pressure and v (cubic inches) the 
volume of unit mass of a fluid, p being a definite function of v. When 

G.I.C. D 
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p increases by 8p let v increase by 8v ; if 8p is positive, 8v will be 
negative. Tlie quotient —8v/v is called the mean compression, and 
the limit of the quotient of the increment of pressure by the mean 
compression produced is called the elasticity of Yolume of the fluid. 
Hence the elasticity of volume is 






When (i) pv=C, (ii) pv^^^C we obtain (§ 18, Example 3) (i) /?, (ii) yp 
for the elasticity of volume. 

Example 4. If W is the work done in stretching a rod or string 
from its natural length a to the length a+x^ find dWIdXy assuming 
Hooke's law to hold. 

The quotient x/a is called the unital extension^ and by Hooke's law 
the force F required to produce that extension is proportional to it, 
so that F—Exja where J^ is a constant. When x has become x+8x\ei 
the force be ^+5/^ and the work done PF+S TT. The work done, 8 FT, 
in increasing x by 8.r will lie between F8x and (^4- 8F) 8x ; hence 
8 W/Sx lies between F and F+ 8F. But when 8x converges to zero so 
does 8F, and therefore 

^=/'=^. 

ax a 

It is easy to verify that W=^Ea^/a=^^xF ; the work will be 
expressed in inch-pounds if x is given in inches and F in pounds. 

It will be noticed that (F'{-8f)8x differs from F8x by the product 
8F. 8x ; but, when we divide by 8x and then take the limit, the term 
8F will disappear. In this and similar cases, then, we might reject 
the product oF.8x at the start and take 8W equal to F8xy the 
differential of W. In practice this rejection is usually made to begin 
with ; this procedure simplifies the work and neglects nothing though it 
rejects something I 

26. Additional Theorems of Differentiation. We shall now 
consider some cases of differentiation to which the results 
given in § 18 are not immediately applicable. 

I. Function of a Function. Suppose y = {oi?—x+lY. 
The base (cc^—aj+l) of the power is neither x simply nor a 
linear function of x, and therefore the derivative of y can 
not be obtained either by rule I. or by rule V. of § 18. In 
a case like this we proceed as follows : put a single variable, 
n say, for the base (a?^— aj+1); y then becomes a function 
of u but, through u, is a function of x. The two equations 

express y aa a function of a function of x. 



DERIVATIVE OF A FUNCTION OF A FUNCTION. 51 

Now, we can calculate dy/du and dnjdx ; how are these 
two derivatives connected with dy/dx ? The answer is that 
dy/dx is equal to their product, as may be proved thus : 

When X takes the increment Sx let u take the increment 
8u, and when u takes the increment Su let y take the 
increment Sy, to the increment Sx of x, therefore, cor- 
responds the increment Sy of y. But, by ordinary algebra, 

Sx Su Sx' 

and therefore, taking the limit of each member of the 
equation for Sx (and therefore also Su) converging to zero, 

we deduce dy dy du , , 

j^ = /X5- (a) 

dx du dx ^ ^ 

The theorem (a) is clearly quite general. To calculate 
dy/du we must of course express y in terms of u. 

Example 1. Find dt//cLv when y = (:c^ - a: + 1)^. 
As above, y=i*^, tt=^-a7+l ; 

dx du dx ^ 2(a;8-a?+l)* 

With a little practice the substitution of u can be done mentally ; 
thus, D(x^-a^^ =i(x^-a^y^ x 2x=xl{x^ - a^)^. 

Example 2. An important application of (a) occurs in mechanics. 
Using the notation of § 25, example 1, we have 

^dv_dv dx_^dv _ dv 
^ dt ~ dx dt ~dx "^ dx 

But d.^d.v^ ^-,Oa — 

' dx "^ dv dx~ dx' 

so that a=J— J— ; F=ma^^—r—=^ ^*. » 

Equation (iv) of § 25, example 1, may therefore be put in the two 
forms 

Jf=^> (iv); F^^^ (iv«) 

In (iv) F is expressed as the time-rate of change of momentuin ; in 
(iva) as the space-rate (rate per unit of distance) of change of Unetio 
energy. (The kinetic energy is ^m^,) 
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In the same way as theorem (a) is established we prove 

dy 



dy dz 
— -X— = 1 
dz dy 



or 



dz 



dz' 



(A') 



Theorem (a') has a simple graphical interpretation which 
the student should find. (Take dy/dx as the gradient of 
the graph of y and use the trigonometrical interpretation 
of the gradient, § 5.) 

II. Derivative of a Product. Let u and v be functions of 
X, When x takes the increment SXj let u take the incre- 
ment 8u and v the increment Sv, Then the increment 
S(uv) of the product uv is 

S(uv) = (u + Su)(v+Sv)—uv=vSu+uSv+SuxSv, 



Therefore, 



so that. 



S(uv) Su ^ Sv , Su „ 



Sx 



d(uv) du . dv 

- =V hU — , 

dz dz^ dz' 



.(B) 



because the limit otj-xSv is-j-xO, which is zero. 




Fig. 12. 

Fig. 12 gives a geometrical interpretation. The differential vdu is 
equal to the rectangle BG, the differential mfv to the rectangle DK, 
and the differential d(uv) is equal to the sum of BG and DK. 

The increment 8(uv) of the rectangle A C (or uv) differs from the 
differential d{uv) by the rectangle Cff which is equal to 8u x 8v. 

If u, V are the lengths, in inches say, of the sides of a rectangular 
plate ABCD when the temperature of the plate is x degrees, then 
d{w))jdx is the rate, in square inches per degree, at which the area is 
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« 

expanding ; dujdx and dvjdx are the rates, in inches per degree, at 
which the sides are expanding. 

If there are more than two factors, say u, v, w, we may 
extend theorem (b) by applying it twice ; thus, first con- 
sider vw as forming one factor and we find 

D(uvw) = D(u . vw) = vwDu + uD(vw). 

But D (vw) = wDv + vDw, 

so that D(uvw) = vwDu+uwDv+uvDw (b') 

If we divide both members of (b') by umv we obtain 

-^ ^= h — + — (b) 

WVW U V IV 

a form which is easily extended to any number of factors. 
Example 3. Differentiate {2x+Z)J{a/^-x+l), 

= y/(x^-a:+l)x2 + {2x-\-3)x{2x-l)/2j(ai^-a;-^l) 

the value of D^ipt^-x+l) being taken from example 1. To lessen 
the chance of mistakes in complicated differentiations, a derivative 
that cannot be at once written down should be worked out separately 
and then inserted. 

III. Derivative of a Quotient. Let the quotient be ujv and 
write the quotient as a producty namely uv^ ; then by (b) 

cl(u/v)__d(uv'^)_^ _^du d(v~'^) 
dx " dx ^ dx dx ' 

But ^t^=4(^"^x— =-i;-2^=-- — 



dx "" dv dx'' dx" v^ dx 

Substituting and reducing, we find 

vDu — uDv 



©= 



t2 



.(c) 



Example 4. Differentiate (^x^-2x + \)l{x^-k-2x-\'4). 

jy Hx^-Zx+l X ^ (^ + 2a?4-4)(14^-3)-(7^^-3^+l)(2a?+2) 

^17^+54£--14 

(.«r^ + 2a;+4)'^ * 

When the denominator is a power it is better to express the 
quotient as a product and to use (b) and (a). 
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The following example is of a type that is of great 
use in integration. The process is that of changing the 
independent variable. 

Example 5. Given -d=xJ{3i^'\-\) find -^ where u=x^-{-l^ ex- 
pressing the value in terms of u. Deduce the integral of xj(a^+ 1). 

^y (^>' (^'>' t-'£-t=t^t 

UiUf UtX IXiw \JuX VUX 

because ^=1^^. 

au ax 

Hence, i^='^V(^^+ \)-T-2x=y{x^'\-\)^yu, 

The integral with respect to u of \Ju is Jw*, as may be tested by 
differentiating with respect to u. Therefore y—\u^, so that, replacing 
i*by.r^+l we find y=J(a?2+i)a. The student should test that the 
^p-derivative oi\{a^+\y is x^{x^+\). 

The next example shows how to find the gradient of a 
curve when the coordinates are expressed in terms of a 
third variable as is so often the case in mechanics. 

Example 6. If x and y are both functions of a third variable ^, 

show that dy _dy . dx 

dx dt ' dt 

We can apply (a) and (a') ; for y is a function of t, and ^ is a 
function of x^ since a? is a function of t. Therefore 

^y_^y dt^_dy , dx 
dx^ dt dx" dt ' dt' 

Or, we may use difi^erentials. If t takes the increment dt then the 
differentials dy^ dx are given by 

Dividing dy by dx, we obtain the result stated. 

EXERCISES. V. 

1. The horizontal and vertical coordinates (^, y) of a moving point 
are, at time <, 07=400^, ,y= 300^ -16^2^ 

Find the horizontal and vertical components (i) of the velocity, (ii) 
of the acceleration of the point. Find also the highest point of the 
path and give the direction of motion of the point (that is, give the 
gradient of the path) at time t. In what direction is the point moving 
when«=iO? 
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2. The same problem as in example 1 when 

3. A point is moving in a' circle of radius a, and at time t the radius 
to the point makes an angle $ with a fixed radius. If v is the speed 
and 0) the angular velocity of the point, show that 

dS 

Express in symbols the tangential acceleration of the point. 

4. If N is the number of lines of force passing through a circuit, 
state in words the meaning of — dN/dt, t denoting the time at which 
the number of lines is N. 

5. Express in symbols the statement that the electromotive force E 
is the sum of two terms of which the first is the product of the 
resistance R and the current C^ and the second is the product of the 
self-inductance L and the time-rate of increase of C, 



Differentiate the functions 6-47. 



6. V(^-l). 

9. V(«^-^). 
12. J{a^+h). 
15. V(3^-4a?+5). 
1 



18. 
21. 
24. 



1 
tjiajt^-^hx+c)' 

1 



7. V(l-^. 

10. V(ar»-|-5). 

13. \l\h-aaP). 

16. V(5 + 4r-3a;2). 

19 , ^ 

22. iJ{^+\), 



8. ^(a^-\-a^). 

11. V(5-3^). 
14. V(^+2^-3). 
17. lj{ax^-\-hx+c). 

1 
V(5^-10x+6)* 

23. ij{a^ -{■}>), 



i/iax'+b)' 

26. {as+b)(Ax^+Bx+C). 

28. (;r+l)(jF-t-2)(.r+3). 

30. {ax+by{cx+d)\ 

32. V(l-^)- 

34. (a-h^V(«*-a7>). 

36. (3a?-h4)V(^+3^-2). 



^' ^(aa:^+bx+c)' 

27. (x^+4x+S){a^-4x+Z). 

29. (2^-l)»(3a?-h4)2. 

31. (ax+b)(Aa^+Bx+Cy. 

33. (2a7-*-3V(a?2+4). 

35. {ax+b)y/{Ax^+B). 

37. V{(^+3)(^-2)}. 



38. 



42. 



5a; +6' 



39. 






40. 






41. 



.r' 



^2 -Hi 



2-*-5a:-f-^' 



4, (3*+2)» 



44. 



X 



>/(*+!)■ 



«-v(s?if-;> "• 



^ 



^{ax^+bx+c)' 
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48. At time t seconds the three conterminous edges of a rectangular 
parallelepiped are u, v, w feet respectively ; find the rate at which the 
volume IS increasing. Of which of the formulae in § 26 does this 
example furnish an illustration ? 

49. The radius of a circle is increasing at the rate of 2 feet per 
minute ; at what rate is (i) the circumference, (ii) the area, increasing 
when the radius is 10 feet ? 

50. If the radius of a circle is increasing at the rate of v feet per 
minute, at what rate is the area increasing when the radius is a: feet ? 

51. The radius of a sphere is growing at the rate of v feet per 
minute ; at what rate is (i) the surface, (ii) the volume, growing when 
the radius is a? feet ? 

52. A vessel in the shape of a right circular cone, with vertex 
downwards and axis vertical, is being filled with water ; the inflow 
of water is at the uniform rate of 12 cubic feet per minute. At what 
rate is the surface of the water in the vessel rising when its depth 
is (i) 10 feet, (ii) a; feet, the height of the vessel being 20 feet and the 
radius of its circular top 10 feet ? 

53. A reservoir has plane sloping sides and ends ; its top and 
bottom are horizontal rectangles of sides 24 and 16 feet, and 12 and 
8 feet respectively, and its depth is 40 feet. If water flows into it 
at the uniform rate of 30 cubic feet per minute, at what rate is the 
surface rising when the depth of water is 10 feet ? 

Maxima and Minima. 

Find the maximum and minimum values of the functions 54-61 ; 
a is a positive constant. 

54. .V(25-^2). 55, (a+:r)V(«2-^). 56. ^(:r+l)3. 

62. The stiffness of a rectangular beam varies as the product of 
the breadth and the cube of the depth ; find the breadth and depth 
of the stiffest rectangular beam that can be cut from a cylindrical log, 
the diameter of the cross- section being d inches. 

63. Given the total surface of a cone, show that when the volume 
is a maximum the sine of half the vertical angle will be J. 

64. Assuming that the brightness of a small surface A varies 
inversely as the square of the distance r from the source of light and 
directly as the cosine of the angle between r and the normal to the 
surface at A^ find at what height above the centre of a horizontal 
circle of radius a an electric light should be placed so that the 
brightness at the circumference may be greatest. 

65. If the intensities of two sources A, B of light be a^ h^ respec- 
tively, find the point on the line AB dX which the brightness is least. 



EXERCISES. V. 57 

Change of the Independent Variable. 

In examples 66-75, find -^, expressing its value in terms of u ; 

du 

deduce the value of y in terms of x, . Show that example 75 includes 

the others as particular cases. 

66. ^=(^+iy(^+2^ + 2); w=^2+2^+2. 

67. ^=(2^+3)(^2+3^-2)3; t4=a:2+3a;-2. 

68. ^^xJ{Z-x^)\u=Z-x\ 

69. ^=^V(«^+6); u=ax^+h. 

net ^y 2a.v+b 0.1 . 

ax sjis^ +ox-\-c) 

73. ^=^N/(a^+6); u=^ax^ + h. 

74. ^=(2a:F+6)(a.r2 + 6ar+c)»»; u=ax^+bx+o, 
V5. ^=[/(a;)?x/(;r); t.=/(^). 



CHAPTER V. 

INTEGRATION OF POWERS. 

27. Integration. Suppose we know the gradient at 
every point of a road with no. turns in it, and also the 
height of one point of the road above a datum line; we 
can then, it is clear, draw a contour or trace of the road, 
and show the height of any point on it above the datum 
line. Stated geometrically the problem is simply: given 
the gradient at every point of a plane curve and also the 
coordinates of one point on it, find the equation of the 
curve. 

Consider the case in which the gradient is given by the equation 

Dy = Z + Ax-(x^ (1) 

and the curve goes through the point (2, 9). 

The first question is, Can we find a function which will, when 
differentiated, give 3 + 4a? — ^ ? From what we know of differentiation 
we can say that 3a7+2^- J^ is such a function (test by difibrentiating 
it) ; but, bearing in mind that a constant term of a function does not 
appear in its derivative, we see that, if a constant term be added to 
the function just found, the function so obtained will also have 
3 + 4a? - ^r^ as its derivative. Hence we put 

y = 3:p+2:F2_j^4.(7 (2) 

where C is any constant. 

For different values of C the equation (2) will give different values 
of y when cr=2. To solve the problem, we must choose C so that 
y=9 when Jt?=2 ; that is, equation (2) must be true when d7=2 and 
3^=9. Hence 

9 = 6 + 8-§ + (7; C=-l 
and the equation 

y=3^+2^-J:r3-J (3) 

solves the problem completely. The only tests needed are (i) that it 
gives for Dy the value in (1), and (ii) that it is true wheu a? =2 and y=df 
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The process by which the problem has been solved 
reduces, mere algebra apart, to finding a function which 
has a given function as its derivative, and is called Integra- 
tion. Any function whose derivative is equal to a given 
function is called an integral of the given function. When 
any constant term, C say, is added to an integral of a 
function the resulting function is also an integral; it is 
called the general integral, and C is called the constant of 
integration. Thus ^a^, ^x^+1, ^a?^ — 2 are integrals of x^; 
Ix^+0 18 the general integral of x^. 

The variable part of an integral is usually called the 
indefinite integral, or simply "the integral." Thus ia? is 
the integral of x^; ^x^+1, Ja^— 2 are particular cases of 
the general integral obtained by giving C the values 1,-2 
respectively. 

The notation for the (indefinite) integral of a function 

F{x)is {F(x)dx; 

read, "the integral of F(x)dx'* The differential dx 
indicates the variable of integration, namely x, and the joint 

sjnnbol I . . . cfo means " integral of . . . with respect to x" 

The function to be integrated, F{x), is called the integrand. 
We thus have, for instance : 

(i) {{^+4!X-x^)dx = Sx+2x^-ix^; (ii) {(l+t)dt = t+it^ 

The test of the correctness of integration is simply 
Derivative of Integral = Integrand, 

or, in symbols, -=- |^(aj)da; h=-F(a;). 

The student will find that his progress will be more rapid if he 
actually tests his results by differentiating them than if he contents 
himselr with looking up the Answers. Thus the integral in equation 
(ii) is correct because 

jf (^ + 4^^) = 1 + ^ = integrand. 



1 
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28. Integration of Powers. If n is not equal to —1 we 
have (§18 I.), 

f x»+l 

J''^=nTl <^> 

In words : to integrate x^y when n is not — 1, add 1 to 
the index n and then divide by the index so increased. 
More generally, when n is not — 1, we have (§ 18, V.) 

(ax+b)ndx=<i|t^\ (1«) 

The form (la) occurs so often that it should be committed 
to memory. The ax+h is a linear function of x and the 
integral contains a, the coefficient of cc, in the denominator. 

The above rule fails when ti = — 1 ; we state here, so that 
the results may be used in working problems, that 

J-dx=logex; j^j^q-^dx=^loge(ax+b). (2) 

l/ic is, of course, the same as ic"^. These results are proved 
in § 61. logefl5 is the Napierian logarithm of x (§ 61). 

When the integrand is a fraction the symbol dx is often 
written in the numerator ; thus 



fdx 1 [dx , 



It is evident from the rules of differentiation, that the 
integral of the sum of two or more terms is equal to the 
sum of the integrals of the terms ; thus, 

1(3 + 4a; - x^)dx = 1 3dcc + Ua^x - [xHx 

= ^+2x^-\a?. 

Also a constant factor may be written outside the 
integral sign ; thus 

I ^^dx = ^yx?dx=^ ; |aa;'*ciaj= a|a3**da;. 

The constant of integration is not usually inserted when 
finding indefinite integrals, but it must always be added 
when a problem is being discussed. 
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Example 1. The acceleration of a particle of mass m which is 
moving m a straight line is constant, equal to g ; if, at time ^=0, its 
velocity is V and its distance from a fixed point on the line a, find 
its position at time L 

Let X be its distance from at time t ; then by § 25, example 1 (ii), 

d^x ..V 

w=3- <^> 

This equation is called " the differential equation of motion." Now 
integrate with respect to t ; therefore 

When <=0, i?= F, so that the constant C= F, and we get 

--t=9t+V. (2) 

Integrate again ; therefore 

x=\gt^+Vt+C' 

where C is a constant. But when ^=0, x=a and therefore C'—a, 
The distance of the point from at time t is therefore 

x^\gt^Jr Vt-^a (3) 

The kinetic energy E is equal to ^v^ ; we have, combining (2) and (3), 

E=\m}^^\mV^+7ng(x-a) (4) 

Equation (4) may be obtained by equation (iv a), p. 51 ; for 

-,— = F—vfig ; E— mgx + constant ; 

when t=0, x=ay E=\mV\ so that the constant is \m V^ — mga, giving 
equation (4). 

Example 2. Integrate {8x^ + 3)l(2x +1). 
By division we find 

therefore, / ^ - dx=^a^-x^+x+ log {2x + 1 ) 

where log(2j?+l) means the Napierian logarithm of 2.r+l. 

Note. Unless the contrary is stated the symbol " log " is 
now to be understood as meaning the Napierian logarithm. 

Example 3. Integrate {bx - 7)l(x+l) (2x - 1). 

Express the fraction as the sum of two simple fractions, that is, 
resolve the fraction into its partial fractions. Since the fraction is a 
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proper fraction (that is, a fraction whose numerator is of a lower 
degree than its denominator) we write 

(:r4-l)(2j7-l)~^+l 2a?-l' ^' 

and find the values of A and B that make this equation an identity. 
The simplest method is the following. Clear of fractions ; we find 

5^-7=^(2a:-l) + 5(ar+l) (ii) 

Equation (ii) is an identity, and is therefore true for every value of x. 
First, choose x so that :p+ 1 =0, that is, 07= - 1 ; we thus obtain 

-5-7 = .4(-2-l) or^=4. 

Next, choose x so that 2r- 1 =0, that is, 0?=^ ; therefore 

f-7=jB(i+l)or5=-3. 

Hence 5ar-7 _ 4 3_ 

(a:+l)(2^-l)":r+l 2a?-l' 

/bx — 1 
^j3j-^jy^2^-y^ (ir = 4 log(^+ 1) - 1 log(2ar -- 1). 

When the fraction is improper (that is, when the degree of the 
numerator is higher than that of the denominator) we first express 
the fraction as the sum of an integral function and a proper fraction, 
and then resolve the proper fraction into its partial fractions. 

For example, 

= 2j7-5 + 



a^+x-^2 ^^+;i:-12' 

and 3^Z2 ^ 1 ^ 2 



;rH.^?-12 x-Z x+A^ 
so that the given improper fraction is equal to 

2^-5+-i-r+ ^ 



^-3 ^4-4 
of which the integral is 

a;2_5a:+log(^-3)+21og(^+4). 

Example 4. Show that 

^ dx _ 1 Iq I x-aX 
J x^-a^ 2a ^\x+a)' 



We have 



.=ir 



J—J-) 

x-a x-\-ar 



and therefore the integral is 

i{log(x-a)-log(*+a)} or ^logg-^y. 



HfiDUCl^iON TO STANDARD FORMS 



6^ 



Integration, like all inverse operations, is essentially a 
tentative process ; it is only a comparatively small number 
of functions whose integrals can be expressed in terms of 
ordinary functions, and much practice is needed for the 
acquisition of facility. In this book, however, we deal only 
with simple cases, and we shall indicate as they occur the 
more important algebraic and trigonometric theorems that 
are useful in handling integrals. Here we note the methods 
of examples 2, 3, 4. The division in example 2 and the 
resolution into partial fractions in examples 3 and 4 reduce 
the functions to forms that are immediately integrable, 
that is, that can be integrated by applying a standard result. 
The standard results obtained up to this stage are given 
in §28 (1), (la) and (2); as we proceed we shall add to 
these standard fcyrma. For a full discussion of partial 
fractions the student must refer to a text-book of algebra. 

The following examples are very easy but the student 
will do well to try most of them, simply to gain Tnechanical 
dexterity ; when he comes to practical work he must not be 
hampered by imperfect knowledge of the use of his tools. 



EXERCISES. VI. 
Integrate the functions 1-50 : 

5. i^r+i- 



1. 1. 

4. 2;c+l. 

7. 5x^'-3a!+4:. 

10. aa^+bx-^c. 

13. S + Sar+^t^^-S^-s. 

1 



16. 
19. 
22. 



^+1 



25. (2^+1)5. 
1 



28. 



y/{2x+3)' 



8. (x-l){x-2). 
11. (€uv+b){Aa;+B). 
14. aa^+ba^+av+d. 



17. 
20. 
23. 
26. 



X 



2' 



arg-2.r+l 



"(2^+1)3* 
29. ^{ax+b). 



3. ^+1. 

6. ax-\-b. 

9. (2^-l)(^-2). 

XM. vO ~~ rf/ • 

15. J^. 

18. ^' 



21. 



24. 



x+2 



X 



aa^+bx+c 



27. ^/(2^+3). 



30. 



tj{ax+b)' 
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31. -1^. 32. -^. 33. ^. 

2a?-3 3-207 x-l 

^- 2J^' ^' ^^1 ^- 07+2 ' 

37. —3 =-• OO. —3 7« WW. 



072-1 ™ 072-4 o;2-3 

^- 4^^* *^' 3F^L=3(072-7/3)i ^' W^^ 

43. -:.^. 44. . 1+^ ^. . 45. ^+2 



072-a2- "• (^._2)(07-3)' (07-l)(207+3y 

46. , 1-, ^. 47. . ^^ ^. 48. ^^""^ 



(o7-a)(o7-6y (o7-a)(o7-6y (or-l)(o7-2)(o?-3y 

49. ^J_^. 50. ^""^-^ 



072(07 -ly (07- 1)2(07+ 2y 

Solve the differential equations 51-55, determining the constants of 
iutegration so as to satisfy the condition stated in each case. 

51. 2>y=6-3o7; y=0 when 07=0. 

52. />y=ao7+6 ; y—c when 07=0. 

53. Dy=x — a^\ iy = l when 07=1. 

54. Dy^x — lja^ ; y = 2 when 07= 1. 

55. 2)2^=07+1 ; y=0, Z>y=l when 07=0. 

56. At time t the component velocities of a point parallel to the 
coordinate axes are given oy the equations 

dx dti 

if the point is at the origin when ^=0, find the values of x and y at 
time t. 

57. At time t the component accelerations of a point parallel to the 
coordinate axes are given by the equations 



^*2 ^f ^A y * 



dt^ * dt^ 
find the coordinates of the point at time t given that, when ^=0, 

07=0, ^=0, -3-=Fcoscc, -^=Fsina. 

58. A particle of mass m is moving in a straight line ; when its 
distance from a fixed point on the line is 07, the force acting on it is 
— kmx, where ;{? is a positive constant. If the kinetic energy B is. zero 
when 07= a find the value of E in any other position of the particle. 

59. If in example 58 the force is -km/a^ find E, given that E is 
zero when 07 is infinite. 
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The equations 60-63 occur in the theory of the bending of beams, y 
measuring the deflection of the beam. Integrate the equations, 
subject to the conditions stated. Find in each case the maximum 
value of y. 

60. E]^=\W{\L-x)', y=0, J=0 when ;^;=0. 

61. ^i^= -\Wx\ y=0 when J7=0, ^=0 when x=\L. 

62. El-j^— —\w{Lx — oiP^) ; y=0 when J7=0 and when x=L. 

63. ^/^=^-iw(Za?-^); y=0, ^=0 when ;r=0, and Z is a 
constant to be determined by the condition that y =0 when x=L. 

29. Change of Variable. When a function is not im- 
mediately integrable, it can frequently be reduced to a 
form that is immediately integrable by a change of the 
variable of integration. This aid to integration is of the 
utmost importance. 

The method of changing the variable has been illustrated 
in example 5, § 26, p. 54. 

Suppose we have to integrate XjJ{a^+ 1) ; let 

y^jx^(a^+l)dx, so that ^=W(^+1)- 
Now \<btu=^x^+l\ then, by § 26, example 5, 

-T^ = ^ ^Uy so that y = / \sludu = J w , 

and therefore / XtJ^aP' •\-\)dx =y = \{x^+ 1) , 

when u is replaced by its value in terms of x. 

The process therefore consists in choosing a new variable 
u, calculating dy/du and then evaluating the u-integral, 
the variable u being finally replaced by its value in terms 
of the original variable. 

We may now state the process in general terms. Given 



y 



= ^F{x)dx, (1) 



so that -^ = F(x). 

G.I.C. B 
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Choose a new variable u, and from the equation between 
u and X calculate dxjdAi ; then 

du~~ dbc dn~~ du ^ ' 

Express F(x) dx/du in terms of u alone, so that dy/du 
becomes a function of u; writing equation (2) in the 
integral form, we obtain 



y 



=W£^- (3) 



From (1) and (3), the integrals in which are equal though 
differently expressed, we have 



{F{x)dx={F(x)~du. 



dx 
Hence the rule : In the given integral replace dx by -j-du, 

dx dx 

calculate -p and express the new integrand, F{x)^, in terms 

of u alone. 

It may be possible to evaluate the ^6-integral ; when the 
evaluation has been effected, the variable must be replaced 
by its value in terms of the original one. 

Exa/mple 1 . Integrate x/{3^ + 1 ). 

Let U'=^x^+l ; therefore 

c^_ ^_J_ ^ dx 1 

^^^ y=/^<^w=i/-^=ilog«*=ilog(^Hi). 

In practice it is usually simpler to work with differentials, that is, 
to express dx in terms of du^ as in the following example. 

Exammle^, Evaluate f-J^Z^}^^, 

Let u=^2a^-Sx+6 ; then 

du=(^-S)dx; (x-~2)dx=idu; 
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Example 3. Integrate a^^(a;+2), 
Leta?+2=w2; ^hen 

and jx^tJia; + 2)ctr = j(u* - 4^* + 4)?* . Si^rfw 

= 2f(u^-Au*+4u^)du 

= ^(15w*- 84^*24. 140). 

Putting for u its value (a? 4-2)* we find for the value of the integral 

l8T(15:p2-24^+32)(a7+2)^, 
or ^i-s{l6a^+6x^-iex+64)^(x+2). 

The chief diflSeulty in these examples lies in the choice 
of the new variable ; experience alone gives facility, but an 
attentive consideration of the substitutions suggested in 
Exercises V. 66-75 may help the beginner. Note, for 
instance, that in example 2 above (x—2)dx is, but for a 
constant factor, the differential of 205^—803 + 5. The linear 
substitution indicated in Exercises VIL, example 25 will 
frequently be useful. 

EXERCISES. VII. 

Integrate the functions 1-22. 

1 ^ 2 ^+g Q ax+b 

a^+a^' ' a^+2aa;+b'^ ' ax^+2ba;+c 

7. (.-ay(a^-2a.+5^). 8. ^^^^^^y 

9. ^V(^-l). 10. "^ 



U. 2£z3 ^2^ 7-3. 



(;r«-3r+8)2 "' ^/(3a:2_ 14^+10)' 

13. x'^ix+l), 14. (2x+5)^(x+3), 

15. -77 T\' 16. x^jj(ax*+b), 

17. ^-"KaJJ^+^r- 18. [/(.)]"/(.). 
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19. 77^- (This is the special case of example 18 when n= -\.) 

20. a^J{x^+l). 21. -^-i- 22. ^ 



(07+1)* * (ax+b)^ 

23. Show that, if u=-^ I ^— t= -ii ? and then evaluate 

the integral 



, 2dx f 



dx _ [ dx [ JzM^L\» 

(x^+i)*~-'^(i+^)»"-'(i+«)»r 



24. Integrate \l{x^+a?)^ by the substitution u=a^/a^. 

25. Integrate 1/(0."^+ 4a? +6)^ by first putting u=x+2 and then 
y = l/w2. 

[The substitution u—x+2 reduces 0?^+ 4a: +5 to ^''+1, in which the 
variable occurs only in the second power; the quadratic x^+4x+6 
becomes the pure quadratic u^-\-l. Any quadratic can be reduced to 
a pure quadratic by a linear snbstitutlon ; for 

\ 2a/ 4a 4a 

if u=x+b/2a. This reduction of the quadratic is often useful.] 

26. Integrate ll(x^+2ax+h)^. 

[Use the linear substitution u=x+a.] 
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AREAS. DEFINITE INTEGRALS. 



30. Areas. Newtonian Method, 
the graph of a function F(x) ; 

OA=a,AC=F{a); OM. 




Let CPD (Fig. 13) be 
D 



Let z denote the area AMPG ; this area may be thought 
of as being generated by a variable ordinate, which sets out 
from the position AC and moves to the right, z is thus a 
function of x which is zero when x = a. To calculate z we 
first find dzjdx. 

First, let every ordinate be positive. When x takes 
the increment Sx{ = MN) the area z takes the increment 
50( = area MNQP), Draw PR, 8Q parallel to MN. Then 
MNQP is equal to the rectangle MNRP, together with the 
area PRQ which is less than the rectangle PRQ8; therefore 

Sz = MP X 5fl3+(a quantity less than RQ x Sx), 
T^ = ifP+(a quantity less than RQ), 



id INTRODUCTION TO THE CALCULUS. 

When Sx converges to zero so does RQ, and therefore 

dz 

-T- = ilfP = i'(aj)= ordinate at x (a) 

The differential dz is equal to F{x)dx, the rectangle 
MNRP. 



o 
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Pig. 14. 

SecoTidly, suppose the ordinates to be negative (Fig. 14). 
The product MPSx is now negative ; we make the conven- 
tion that, when the ordinates are negative and the increment 
Sx positive, the area shall be reckoned negative. We then 
get the same value for dz/dx as before ; but it must be re- 
membered that the area is an algebraical quantity (see § 31, 
examples 1 and 2). 

z is therefore that function of x whose derivative is 
F{x)y and which is equal to zero when x = a\ in other 
words, z is that integral of F{x) which is zero when aj = a. 

For definiteness, let F{x) = 4 + 7ic — a;^ ; then 

z=[{^ + 7x'-x^)dx+G=^+ix^-^Qi?+G. (1) 

Also, = 4a-M-a2-.^aHC; G= -{^^a+^^-^a^ and 

therefore 

= 4aj-hfaj2-^a^-(4a+la2_ 1^8) (2) 

If OB = hy the area ABDG is the value of z when x = b; 
therefore the area ABDG is equal to 

46+ib2_i68_(4ot+^2_i^s) (3) 
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31. Definite Integrals. There is a special notation for 
the integral that is equal to the area ABDC, namely 

(4i+7x-'X^)dx; (4) 



Ja 



read, "the integral from a to 6 of (4 + 7a3— a;*)(fa?." 

The function denoted by the symbol (4) is called a 
definite integral ; a and b are called the limits of the integral, 
a being the lower limit and b the upper. (The word " limit " 
here means merely " value of the variable of integration at 
one end of its range " ; " end- value of the variable." This 
use of the word must not be confounded with the other 
technical meaning defined in § 16.) The distance or interval 
AB, equal to 6 — a, is called the range of integration. 

By comparing equations (1) and (3), § 30, we see that the 
value of the definite integral (4) may be obtained by the 
rule: Find the indefinite integral of 4+7a5-aj^; then 
replace x by 6, the upper limit; next repUice x by a, the 
lower limit ; finally subtract tlie second result from, the first 

In finding the definite integral it is needless to add the 
constant G to the indefinite integral, because it disappears 
in the subtraction. 

In general, if f{x) is the indefinite integral of F{x\ that 
is, if 3f(x) = F(x) we have 

|V(a!)(fo=[/(x)J=/(6)-/(a) (B) 

The function in brackets is the indefinite integral, and 
a, b on the right of the bracket are the limits ; the symbol, 
taken as a whole, is a compact and convenient method of 
representing the rule for evaluating the integral. 

The following examples should be carefully studied. 

Example 1. Find the area between the graph of a7'~3a?*+2.r, the 
;!i?-axis, and the ordi nates at a?=0 and ^=2. 

The required area is 

The reason for this apparently absurd result is, that from ^=0 to 
x=\ the ordinatea are positive, while from a7=l to x=2 they are 
negative. The first part of the area therefore is positive, and th^ 
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second part negative ; it happens that these two parts are numerically 
equal. The separate areas are 

Before he tries to calculate an area, the student should 
always sketch, however roughly, the graph of the function. 

Example 2. Show that \ F{x)dx= - I F{x)dx, 
By equation (b), if F(x)=Df(x), 

jy(x)ds=^f(x)J^=f(a)-f(b)=-^f(x)J=-j^F{x)dx. 

Hence, we may interchange the limits of an integral if at the same 
time we change the sign of the integral 

Geometrically interpreted, this result means that the area traced out 
by an ordinate moving from the position x=b to the position x=aia 
of opposite sign to the area traced out when the motion is from ^=a to 
x=b. It is very important to observe that the sign of an integral 
depends not only on the sign of the integrand F(x) but also on 
the relative (algebraic) magnitude of the limits a and b ; even if 
F(x) is positive the integral will be negative when the lower limit is 
greater than the upper. Thus, 

/>'^=[fl=*-«=-5- 

Examples. Prove / F(x)dx^lF(x)dx+ I F(x)dx. 

The area represented by the integral on the left is the sum of the 
areas represented by the integrals on the right, so that the equation is 
correct. 

Example 4. What is the value of a definite integral when the two 
limits are equal ? 

The value is zero, because the ordinate does not move and no area 
is generated. 



Example 5. Show that / F(x)dx= j F{u)du, 



Each integral represents the same area, because the graph is the 
same whether the abscissa is denoted by x or by u. 

Otherwise^ if F{x)=^D,f{x) then F{u)=D^(u) and each integral is 
equal to /(6) -/(a). Hence, 

A definite integral is a function of its limits and not of the vaziahle of 
integration. 

The area A MFC (Fig. 13) may be denoted by either of the integrals 



foaf COM 

—J F(x)dx or z= j F{u)du, 
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Examvle 6. Evaluate 



Here OM is the abscissa of the final position of the generating 
ordinate. We may, if we please, put x for OM but this x is not the 
same as the x in F{x)dx ; as will be seen later (§ 33) F{x)dx is rather 
a type of a series of terms than a single term. 

By §30 (a), dz/dx-=F(x) ; hence 

^ j*F{x)dx=F{x\ ^j^F(u)du=F(x). 

Jixampie t>. Jjivaiuate l{x+l)ij{x — 2)dx by the substitution 
X'-2=uK -^ 

(x+l)n/(x — 2)dxy when expressed in terms of w, becomes (2t**+6w^)fl?M. 

Now, what range of values does u take as x increases from the lower 
limit 2 to the upper limit 6 ? When x=2 the equation x-2=u^ gives 
u=0, and when ^=6 the same equation gives u=2; so that, as x in- 
creases from 2 to 6, t4 increases from to 2. The lower limit for the 
new integral is therefore and the upper 2. Hence 

j^\x+l)^{x-2)dx-- ^{2u*+Gu^)du=^^+2u^'J=28i. 

Note. When changing the variable in a definite integral, 
it is not necessary to replace the new variable in the result 
by its value in terms of the old, provided we choose the 
limits of the new integral, as we have done, to correspond 
to the limits of the old ; the new lower corresponds to the 
old lower and the new upper to the old upper. 

The following example is important. 

Example 7. Prove I V(a' - aP)dx=\xJ{a^ - a:*) +^ sin"^ (-\ 

In Fig. 15 OA^ OB are two perpen- 
dicular radii of a circle of radius a ; Om=x, 
MP=^y/(a^'X^, the angle BOP^S radians 
and aiu 0=^x/a. 

Now, 

area Oi/P5= A OifP+ sector BOP 



=iarV(a2-^)-hJsin-i(-^) 




because 

aectoT BOP =^a^0 and ^=sin~*(j7/a). 

But the area is also represented by the Fig. 16. 

integral f* 

^ ls/{a^-x^dx; 

therefore |V(«*-^)^=i^V(«*-^)+ ysin-* (^. 

By example 6, the derivative of this integral is ^{a^-a^), so that 
the tndejmtte integral / y/{a^-a^)dx has the value stated. 
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32. Interpretation of Area. The interpretation of the 
area z will depend on the nature of the quantities repre- 
sented by the abscissa and the ordinate. The interpretation 
is most readily made by considering dz^ which is equal to 
MF X da; ; of course, z and dz represent the same land of 
quantity. The following are typical cases. 

If OM or X represents time and MF or F{x) velocity, 
then dz represents velocity xtiine, or distance; the area 
A MFC represents the distance gone in the time represented 
by AM. 

If OM represents time and MF acceleration, then dz re- 
presents acceleration X time, or velocity; the area AMFG 
represents the velocity gained in the time represented by 
AM. 

If OM represents the distance a force moves its point of 
application and MF represents the force (the direction of 
the force being constant and always that in which its point 
of application moves), then dz represents force x distancCy 
that is, the work done by the force ; the area AMFG re- 
presents the work done by the force in moving its point of 
application through the distance represented by AM. 

As regards scales, if 1 inch for abscissae represents, say, 
5 seconds and 1 inch for ordinates a velocity of 10 feet per 
second, then 1 square inch of area will represent a distance 
of 10x5 or 50 feet. If 1 inch for abscissae represents 10 
feet and 1 inch for ordinates a force of 50 lbs., then 1 square 
inch of area will represent 10 x 50 or 500 foot-pounds of 
work ; and so on. 

If F{x) is the derivative of f{x) the area A MFC is 
f(x)—f(a); in other words, the area between the graph of 
F(x)y the aj-axis, the fixed ordinate F(a) and the variable 
ordinate F(x) is equal to the variable ordinate f(x) 
diminished by the fixed ordinate f(a). The increase of 
the area is thus equal to the increase of the ordinate f(x). 
If the fixed ordinate F(a) is so chosen that f(a) = 
(for example, if 

F(x)=^A+Bx+Cx\ f(x) = Ax+iBx^+iCa?, 
and a = 0, then f(a) = 0) the area is equal to the ordinate 
f(x) ; in any case, the area only differs from the ordinate 
f(x) by a constant. The graph of f{x) is called, from thig 
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consideration, the inteffral carve of the graph of F(x). (See 
Chapter XIV.) * 

EXERCISES. VIII. 
CSalculate the definite integrals 1-25. 
1. [dx. 2, jf(2a?+3)rf^. 3. C {^-x)dx, 4. i a^dx, 

6. j'^x^cLv, 6. [\6 + 8x-3a^)db;. 7. f\6 + Sx-3x^)da:, 

8. jy^d.. 9. f J. 10. f J. 

11- r? 12. /W3)«<&. ia£(-^. 

14 j[V«<*«'. 16. fjj(x+2)dx. 16. j['^. 

Evaluate by appropriate substitutions the integrals in Examples 
26-34. 

26. ( V(^+9)d:r. 27. ^x^{4.-x^dx, 28. jjx^(a^ - x^)dx. 

32. f-^^- 33. C—^^' 34. [V+2ar-iy(^-l)da:. 

35. Find the area bounded by the parabola y=5 + 6ar-a?*, the 
positive parts of the coordinate axes and tne ordinate at Jt:=5. 

36. Trace the curve y=x—3t^ from ^=0 to .r« 1, and find the area 
between it and the ^-axis. 

37. Trace the curve y^x^~x^ from ^= -1 to .r=l, and find the 
area between the curve, the j^-axis and the ordinates at at— - 1 and 
x=\. 

38. Find the area between the parabola y=ax^-^hx+Cy the ^-axis 
and the ordinates at a'= — A and x=h. 

If y has the values yj, y^, y^ respectively when x has the values 
— A, 0, A calculate the values of a, 6, c in terms of y^^ y^ y^, A, and 
show that the area is i^ij/i+yz+^y^)' 
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39. If ^1, ?/2) Vz have the same meanlD^ as in example 38, and if 
y = aa^ + ho^ -i-cjc-^g, show that the area is fft (i/i +1/^ + 4ya). 

[Note that the area is —.(bh^+Zg\ so that only the values of b and g 
need be calculated.] ^ 

40. Show that the area bounded by the parabola y^=-^ax and the 
double ordinate through the point (6, c) on it is ^hc, 

41. Find the area between the hyperbola xy=<?y the ar-axis and 
the ordinates at 07= a and ^=6, assuming a and h to be both positive 
and a less than h. 

42. Find the area between the curve y^lclaf^^ the ^-axis and the 
ordinates at x^x-^ and x=^x^ assuming that n is greater than 1, and 
that J?!, 072 are both positive and x-^ less than x^. 

If ^1, ^2 *re the values of y when 07 has the values x^^ x^ respectively, 
show that the area is (o7j^i — ^2y^)l{^ — !)• 

43. Find the area between the curve y=x'^lc^~^^ the 07-axis and the 
ordinates at 07=07. and 07=072, assuming that n is greater than 1, and 
that 07j, 072 are both positive and x^ less than 073. 

If y has the values y^, ^2 i^spectively when 07 has the values 07|, 072, 
show that the area is {on^y^^ x^^l{n + \), 

44. Find the area between the curve y^c^/x^, the o?-axis and the 
ordinates at 07=1 and 07 =6 (&> 1). To what value does the area 
tend when b becomes infinite ? 

45. Find the area of the ellipse x^/a^-{-y^lb^=l. 
[Use the integral proved in 3 31, example 7.] 

46. Prove 

f^(^ax-x^)dx=^i(x-a)^(2ax-x^+ia^&m-^(j^\ 

[Put u=x-a and then use § 31, example 7. 

Or, take y/(2(zx-x^) as the ordinate of a circle, referred to a 
diameter and the tangent at one end of it as coordinate axes.] 

47. Evaluate the following integrals : 

(i) jf'vC- 3 + 407 -072)(ir; (ii) ro7v'(-3+4a7-072)do7; 

(iii) J^>J{-ab-{-{a-^b)x-x^}dx ; (W) £xy/{-ab + (a + b)x-x^dx. 

48. Deduce fj-om § 31, example 7, that 

^ • -1 f^\ _ 1 f dx ___ . _i/^\ 

dr®'"" Va/~V(a'-o72)' J ^{a^-^x^)-^^'' \aj' 

49. Show that the area bounded by a curve, the y-axis and the 
lines y=a, y—bf parallel to the 07-axis, is given by 

I'xdy. 

[If z denote the area FCPK (Figs. 13, 14) prove dz/dy^KP^^x,] 

50. Find the area between the parabola y^=4ax, the y-axis and the 
liney=A. 
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INTEGRAL AS LIMIT OF A SUM. SIMPSON'S RULES. 

33. The Definite Integral as the Limit of a Sum. There 
is another point of view from which the definite integral 
may be considered ; to illustrate it, we take the following 
problem. 

A straight line AB (Fig. 16), of length a, is divided into n equal 
parts and each part is multiplied by the square of the distance from A 
of that end of the part which is nearest A ; find the sum of the n 
products, and the linrit of the sum when n becomes infinite. 

Let MN be one of the parts, M being the r*^ point of division ; then 
AM^ra/n, MN^ajn and AM^. MNy the term of the sum arising from 

the part MN, is (^±X . ? 

\n/ n 

The sum required, S say, is therefore 

n \n/ n \ « / n 

\n) n "' \ n j n ^ ' 

The sum (1) is written more compactly thus : 

■«=T(?)'-J ") 

The symbol 2, read " sigma," is the Greek form of capital S ; the 
whole symbol, read " sura of ( — j .2 from r=0 to r=7i- 1," is to be 

interpreted as meaning that we are to make r equal successively to 

— ) • - and then add the terms so 
oDi^amea. '^ ^ ^ 

It is proved in any text-book of Algebra (and is easily verified) that 

12 + 22+32+. ..+(w- 1)2= J(w-l)w(2n-l). 
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But /Si = {l2 + 22 + 32+...+(7l-l)2}X-3, 

3 3 / O 1 \ 

SO that 'S'=J(7i-l)w(2ro-l)x ^=^(^1-2^+2^], 

and therefore the limit of S when n becomes qo is Ja'. 

Suppose now that each part, as JfA^, is multiplied by the square of 
the distance from A of that end of the part which is furthest from A, 
as AN^ ; we find instead of (2) 

^=iGy- i=**^''+^><''^+i)43 (3) 

and the limit of >S" when n becomes qo is Ja^, the same value as before. 
It is worth noting that we shall obtain the same limit if we take, for 
each part, the distance from A of any point in that part ; because if, 
for example, L is any point between M and N the quantity AI? will 
lie between AW^ and 4i^^ and the sum will therefore lie between S 
and S. Since S and S! have the same limit, the new sum will also 
have that limit. 

We shall now obtain the above limits in a different way. 
Let AM=Xy AN=x->r8x\ then Sx^MN^aln, and (2), 

(3) become 

sZ'^\^x ...(4); 8'^'^xHx (5) 

It is to be understood that the values to be given to a? in 

(4) and (5) are the distances from A of the successive points 
of division; in (4) the first value of a; is and the last 
AAn-i = (i — ci/n, while in (5) the first value of x is 
AA^ = a/n and the last AB^a. In each term Sx=a/n. 

Now draw, with A as origin and AB as cc-axis, the 
parabola y = x\ and at the points of division of AB raise 
the ordinates. Complete, for each part into which 4^ is 
divided, the two rectangles, such as MNRP, MNQS (Fig. 16). 

We now interpret the sums (2), (3) or their equivalents 
(4), (5) geometricaUy. 

The sum (4) is the sum of the inner rectangles, such as 
MNRP\ because when x=^AM we have x^=MP and 
xHx==TQ(A, MNRP, and a similar interpretation holds 
for every term in (4). 

The sum (5) on the other hand is the sum of the outer 
rectangles, such as MNQS ; because in this case a part such 
as MN is multiplied by AN^, and therefore, for the part 
MN, x^x=^AN^.MN^NQ.MN=vect, MNQS, 
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Obviously the sum of the inner rectangles is less, and the 
sum of the outer rectangles greater, than the area ABDP 
bounded by the curve, the a;-axis and the ordinate BD. 
Hence 8<2^tqb. ABDP<Sf (6) 




A A, A 



An-1 B 



Now, the difference 8'—S is simply the sum of the 
rectangles such as PRQS ; this sum is, as may be seen by 
sliding each small rectangle horizontally into the rectangle 
An-iBDUy equal to that rectangle. But rect. A^^iBDU is 
equal to a^jn, because BD = a^ and An-iB=a/n] so that 
S'—S^a^/n. Hence when n becomes infinite, the liTnit of 
S'— flfis zero. 

Again, the diiFerences, area ABDP —8 and fif— area 
ABBP, are each less than S'— £•, so that when n becomes 
infinite the limit of each of these differences is zero; in 
other words, the limit both of S and of 8' is the area 
ABDP. 

Therefore, eocpresaimg the area as an integral^ 

nsoo xssO *'o nssoo x^a/n 

Since the value of the integral is ^a^ we fij:id the same 
result as before. 

As before, it is plain that, 80 far as the liTnit is coneerned, 
we may suppose x in the typical term x^x to be the 
distance from A of any point in MN, 



( 
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The definite integral thus appears as the limit of a 
certain sum, and this mode of viewing it is of great 
importance in various applications, as we shall see. The 
passage from the sum to the integral has been effected 
by considering the factor (ra/nf (or x^) of the term 

— ) • - (or x^Sx) as the ordinate of a curve, and the term 

itself as the area of a rectangle which is approximately 
equal to a strip of the area between the curve and the 
aj-axis. Since we suppose all the functions we deal with 
to be representable by a graph, the method applies to all 
cases. 

By considerations that are essentially identical with 
those adduced in this particular case (a full discussion will 
be found in the authors Calculus, § 131) we can arrive at 
the general theorem which may be stated thus. 

In Fig. 13, § 30, let MP=:F{x), MN=Sx, then 

x=b 

area A BDG = 2 ^{^) ^^ approximately (8) 

z=a 
x=b 

= 2 ^('^ + ^^) ^^ approximately (9) 



x—a 



= I F(x)dx exactly. 

Ja 



In this case, the statements x = a,x = b attached to 2 are 
meant to indicate the values of x for the two bounding 
ordinates; this meaning is slightly different from that 
adopted above, but is convenient. 

In (8) the typical term F(x)Sx is MP . MN, the area of 
MNRP, while in (9) the typical term F(x+Sx)Sx is 
NQ.MNy the area of MNQ8; so far as the limit is 
concerned, the rectangle corresponding to the strip MNQP 
may have for its altitude MP or NQ or any ordinate 
between MP and NQ. The 2 indicates for (8) the sum of 
the inner rectangles and for (9) the sum of the outer. 

The origin of the symbol I ,.,dx tor integration will now 

be obvious; / is a form of the letter "s" and dx is the 

representative of &c. 
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The method of defining an integral as the limit of a sum 
is due to Leibniz ; the method followed in §§ 30, 31 is that 
of Newton. 

34. Volumes. In Fig. 13, § 30, let the curve CPD make 
a complete revolution about the ic-axis; the curve thus 
traces out a surface. The section of the surface by any 
plane perpendicular to OX, the axis of revolution, is a circle. 
We wish to find the volume intercepted between the sur- 
face and the planes through A and B perpendicular to OXi 

Let V be the volume intercepted between the planes 
through A and M perpendicular to OX, and let ^F be the 
increment of volume for the increment MN or &c of x. 
Then <JF is greater than the cylinder traced out by rect. 
MNRP but less than that traced out by rect. mNQS; 

therefore SV> irMP^ . Sx but 5F< irNi^ . &», 

so that 5F/&C is greater than irMP^ but less than ttNQK 

-j-='7ril/P* = '7r(ordinate at a;)^. (1) 

The volume required is the integral of irMP^ from a to 6, 
just as in § 31 the area is the integral of MP from a to 6. 

We may also use the method of §33. The volume 
clearly lies between 

2 -ttMP^Sx and § irNQ'Sx; 



x—a x^a 



but the limit of these sums is the same for both, namely 

^iry^dx (2) 

Ja 

As a rule we need only consider one of the inequalities 
for SV and proceed thus : 

vol. = 2 'rrMP^ . Sx approximately ; vol. = I irMF^dx. 

Examjole. Find the volume of a sphere of radius R. 
The equation of the generating semi-circle is 

and therefore the volume is 

Examples will be found in Exercises IX. 

G.I.C. p 
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35. Arcs of Curves. Areas of Curved Surfaces. When 
the distance between two points P, Q on a curve is small, 
the arc PQ and the chord PQ are nearly equal. We assume 
as an axiom, that when Q tends to P as its limiting posi- 
tion the quotient (arc PQh- chord PQ) tends to unity as its 
limit. 

Let the arc CP (Fig. 17), measured from some point (7, 
be denoted by 8 and let Ss or arc PQ be the increment of 8 
due to the increment Sx or MJST of x. Then 

{chord PQ)^ = PB!^+RQ^==(8xY+(Syy (1) 

The limit of (chord PQ/Sx) is the same as the limit of 
88/ Sx; because 

chord PQ chord PQ 8s 

8x arc PQ 8x 

and the limit of (chord PQ -i- arc PQ) is unity. Divide (1) 
by {8xy and take the limit ; therefore 

(sy=i+(iy°'^'^'='^'+^^*- <2) 

When dx^MN or PR, then if NQ meets the tangent at 
Patr, dy = iJr, and 

PT^^Pie+RT'^^dx'+dy^ 




The second equation in (2) shows that d8 = PT. Thus, 
so far as the limit is concerned, the chord PQ, the arc PQ and the 
portion PT of the tangent can be substituted for each other. 
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If PT makes the angle ^ with the x-axis, then 0= lRPT, 

and we have the values 

. . dy , dx . , dy ,^v 

tan^=^,co8^=^,sm^=;^ (3) 

If P is the position at time ^ of a point moving along the 
curve CP, its velocity v is 

^j Ss^^da .^. 

6t=o^i dt 
The component velocities are 

dx da , dy ds . .^. 

m'=Tt'^'i''dt=dt^''''f' ^^> 

8 is given by the integral 

'-|a/{'+©>^ w 

but there are very few curves whose length can be ex- 
pressed by means of the ordinary functiona 

Let S denote the superficial area of the surface traced 
out by the revolution of the arc CP about OX (Fig. 17), 
and let S8 be the increment of 8 due to the increment Sx 
or MN; S8 is the area traced out by the arc PQ, but in 
finding the limit of S8/Sx we may take either the chord PQ 
or PT instead of the arc PQ. 

The area of the surface of the conical frustum traced out 
by PQ is iriMP+NQ) . PQ ; therefore 

^=2irMP. ^ or d8=2TrMP.d8 (7) 

Note that d8=27ryd8, not ^irydx, 

Exa/m/ple. Find the area of a spherical cap of height h. 

If the radius of the sphere is R the ordinate of the generating circle is 

dx~J{R^^a^y dx^yV^Kdx) ( sJW^^' 
CLx ax 



8= f 2irRdx^2TrRL 
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The area is thus equal to the curved surface of a circular cylinder 
of height h and of radius equal to that of the sphere. 
Examples will be found in Exercises IX., 14-17. 

36. Simpson's Rules. In many cases a function is given 
by its graph and not by an analytical expression; even 
when the expression is known it is often impossible to find 
the indefinite integral of the function. We shall investigate 
a method for calculating an approximate value of the 
integral of the function when a limited number of the 
ordinates of the graph is known ; the integral is repre- 
sented as an area. 




Fig. 18. 

In Fig. 18 let y^, yvVz-" ^ ^^® values of the ordinates 
AA\ BRy CCy . . . respectively ,and suppose the distances AB^ 
BG, ... between consecutive ordinates to be equal, each 
distance being equal to h. 

Now, we can determine the constants a, 6, c in the 
equation 

y^axc^+hx+Cy (1) 

so that the parabola represented by (1) shall pass through 
any three given points. We shall therefore assume that 
the three points A\ B, C lie on a parabola ; if the points 
are not very far apart the assumption is usually near 
enough to the truth. 

Let B be taken as origin, and BO, BR as axes of x and y 
respectively; then A\ E, & are the points ( — ^,^1), (0, y^, 
(h, 2/3). The abscissa of A' is —h because BA is negative. 
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The equation (1) is referred to the axes just chosen, and we 
apply it to calculate the area ACG'A\ 

A.TQa,AGG'A'=\ {ax^+hx+c)dx = ^{ah^+^c) (2) 

J -A O 

Since the points A\ B, C lie on the curve given by (1), 
we have 

y^ = ah^'-hh+c, y^—c, y^ = ah^+bh+c, 

and therefore, solving for c and ah^ (the value of b is not 
needed), we find = 7/2, ^^^ = Kyi + 2/3""22/2). Inserting 
these values in (2) and reducing, we obtain 

Sives, ACC'A' = ^,h(yi+ys+^y2) (3) 

Equation (3) expresses the area in terms of y^, y^y y^, h, 

so that the area can be calculated when these four quantities 

are known. 

If the equation of the curve A'RG' is actually, and not 

merely approximately, of the form (1), then the value (3) 

is exact 

The student may prove, precisely as has been done for equation (1), 
that if the assumed equation is 

y—aa^ + hx^-\-cx+d 
we get the same expression (3) for the area. 

We can now generalise the result (3). Suppose the area 
A MM' A' to be divided into an even number, 2^1, of strips 
by an odd number, 2n+l, of equidistant ordinates. The 
formula (3) may be applied in succession to the n double 
strips. If S is the sum of the n expressions we find, 

+ i^(y2«-l + y2n+l + 42/2n) 
= i^{yi + y2n+l + 2(2/8 + y6+---+2/2n-l) 

+ 4(3/2+2/4+... +2/2«)}. ...(4) 
Formula (4) is known as Simpson's Rule ; it may be stated 
thus : 

Let the area be divided into an even number of strips 
by equidistant ordinates ; find (i) the sum of the extreme 
ordinates, (ii) twice the sum of the other odd ordinates, 
(iii) four times the sum of the even ordinates ; add the 
three sums thus obtained and multiply this total sum by 
one-third of the common distance between the ordinates. 
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Though the rule has been proved for areas it is of course 
applicable to any definite integral, because the integrand 
can always be represented by the ordinate of a curve. An 
important case is that of the mensuration of solids ; in this 
case y^y y^, ... are the areas of equidistant sections. 

Equation (3) includes many of the most important 
formulae of mensuration ; in Exercises IX. several of these 
are stated. 



Example, Calculate / — . 

J\ X 



Let 2/1+1 = 11, A=0-1, y=\\x. Then y^, y^ y^ ... ^n are the values 
of y when x has the values 1, 1*1, 1 '2, ... 2 respectively. An easy 
calculation gives 

Vi +.yii = 1 A Vz+n +yr +^9 = 2-7281 746, 
Vi +^4 +^6+^8 +^10 = 3-4595394, >S =0-693150. 
The exact value of the integral is log, 2, that is, 0*693147. 

EXERCISES. IX. 

1. The volume of a right circular cone is one-third of the base 
multiplied by the height. (Compare examples 3, 4.) 

2. If the area, S^ of a section of a surface by a plane perpendicular 
to the a:-axis is a function of x show, by the same reasoning as in § 34, 
that the volume between two planes perpendicular to the a7-axis is 

/ Sdx^ the integral being taken between proper limits. 

3. Show that the volume of any cone is one- third of the base 
multiplied by the height. 

[If k is the height, A the base and S the section distant x from the 
vertex, then S \A—a^'. A^.] 

4. If the areas of the ends of the frustum of any cone are A and 
B, and the height of the frustum A, show that the volume of the 
frustum is lh{A + y/(A B) + B}. 

[Complete the cone and let the height of the cone needed for this 
be hi ; then if ^2=^ + ^1= height of completed cone, we have 

A : h^ = B : h^=k say ; A = )Ji^, B=Xh^ ; 

vol. of frustum = J(AA2^- AAi3)^J(A2-Ai)(A^HAAiA2+^2*)i 
which gives the result, since ^=^3 — Ai, A=^\h^^ B=Xh^.^ 

5. A reservoir has plane sloping sides and ends ; the top and 
bottom are horizontal rectangles of sides a, h and a', h' respectively 
and the depth is h. Show that the volume is 

}h{ah + a'h' + {a + a'){h+h')Y 
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6. The volume of a spherical cap of height A is 7rA^(^- JA),^ the 
radius of the sphere being R, 

rR 

[The volume is / ir{B? — 3iP)dx ; see example of § 34.] 

jR-h 

7. A prtflate spheroid is the surface generated by an ellipse which 
revolves about its major axis ; an olOate spheroid is the surface 
generated by an ellipse which revolves about its minor axis. If the 
major and minor axes are 2a and 26 respectively show that the volume 
of the prolate spheroid is ^ab^ and of tne oblate ^aV>. 

8. The tore or anchor-rlnc: is the surface generated by a circle 
which revolves about an axis in its plane, the axis not intersecting the 
circle (though it may be a tangent to it). If a is the radius of the 
circle and c the distance of its centre from the axis, show that the 
volume of the tore is 27r%^c. 

[Let the equation of the circle be a^+(^ — cy=a\ the ^-axis being 
the axis of revolution and the ^-axis passing through the centre of the 
circle. If OM^x and if the perpendicular to the or-axis from M cut 
the circle at /\ and P^ then 

\ol. = 2 { ir^y^-y^dx^Sirc (* »J{a^'-aP)dx. 

The integral is the area of a quadrant of a circle and therefore equal 
to ^a*.] 

9. The volume intercepted between the plane through 07= A, 
perpendicular to the ^-axis, and the paraboloid generated by the 
revolution of the parabola y^ — ^ax about the or-axis is 27raA^. 

10. If, in example 2, S=aoiP-\-hx-\-c and if the values of S are 
^i» ^^2? ^% respectively when x has the values - A, 0, A, show that the 
volume V bounded by the surface and the sections /Sj, 8^ is given by 

F=JA(>^i+^8+4>Sj). 

[This is the form of Simpson's Rule for a solid corresponding to that 
in § 36, equation (3), for an area.] 

11. Apply example 10, that is Simpson's Bule, to obtain the values 
in examples 1, 3, 4, 5, 6, 7, 9. 

12. If di is the head diameter, d^ the bung diameter, and A the 
depth of a cask, show that when the curve of the cask is a parabola 
the volume is x ^^^,2+ 3^* _ ^(<i^ _ d,n 

When the upper and lower halves of the cask are equal frustums 
of a paraboloid of revolution, the greatest bases being joined in the 
middle of the cask, show that the volume is 

[A paraboloid of revolution is the surface generated by the 
revolution of a parabola about its axis ; see example 9.] 
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13. If y=^cufi-\-ha^-^cx-\-gy and if the values of y are yi, y^ y^ y^ 
respectively when x has the values - |A, - ^A, hh, §A, show that the 
area bounaed by the graph of y, the ^-axis and the extreme ordinates 

[In this case the area is divided into 3 strips by equidistant 
ordinates, the common distance being h ; the result may be extended 
as in § 36. The rule obtained from this result is known as Simpson's 
Second Bule ; but it is not much used.] 

14. Show that for the semi-cubical parabola ay'^—a^ 

d8_ //i ,9^\ _8«/i ,9:f\^ 8a 
^-VV 4SJ' '"27V^+W "27' 
the arc s being measured from the origin. 

15. Show that for the parabola y^=4ax, 

and that the surface of the portion of the paraboloid of example 9 up 
to the plane there mentioned is 

Stt ^ 4 



Jo 



JO 3 

16. Show that for the parabola 2/=^/p 

«=^+3^approx., 

the arc being measured from the vertex. 

Show also that the length of the arc from the vertex to the point 
(6, c) is approximately ^a 

[Since (6, c) is on the parabola, c—h^lp or p^b^/c ; putting b for x 
and fe^/c for p in the value found for s, we get the result. This 
approximation to the arc is often used in mechanics.] 

17. Show that for the ellipse a^/a^+y^/b^= 1, e being the eccentricity, 
so that b=a^(l - e^), ^ ^{a^^^aP) 

dx~ J{a^-aP) 
and that the surface of the prolate spheroid (example 7) is 

= 27ra2| 1 - c2 + n/(1 - e^)-?^}. 

[Note that /" V(«* - «^^)^=«jf ^(^2 -^) ^ 
and apply example 7, § 31, where a has to be replaced by a/e.] 



CHAPTER VIIT. 

APPLICATIONS TO MECHANICS. 

37. Gentroids. First Moments. We now consider some 
applications to Mechanics and begin with centroids. 
^ It is shown in works on Mechanics that the aj- coordinate, 
X say, of the centroid of n particles of masses m^, mg, ... rrin 
situated at points whose cc-coordinates are ajj, x^, ... Xn 
respectively, is given by the equation 

- ni^x^+m^^'^ , . . +7nnXn _'2mx 
mi+m2+...+mn " 2m' 

There are similar expressions for y and z, the y- and the 
^-coordinates of the centroid. 

The centroid of a volume, area or line is the centroid of 
a mass of unit density occupying the volume, area or line. 

Other names in common use for the centroid are : centre 
of inertia, centre of gravity. The sum ^mx is often called 
the first moment of the masses. 

To see how integrals replace sums, take a very simple 
case. 

Example 1. Find the centroid of a thin straight rod of uniform 
density and thickness. 

Let the length AB (Fig. 19) of the rod be a and the mass of unit 
length \ ; then the total mass M of the rod is ka. 



-I— +■ 



A PQ B 

Pig. 19. 

Divide AB into n equal parts, of which PQ is one. Let AP^x 
PQ=8x ; then the mass of PQ is ASo?. 
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If we suppose the mass of FQ to be concentrated at P, the moment 
of the mass of PQ about A will be a? . X&r ; while if we suppose the 
mass of FQ to be concentrated at §, the moment about A will be 
(a:+8ai)X.^. We may assume the moment to be greater than x. k^ 
but less than (a?+&F)X&F. 

If X is the distance of the centroid from A the moment of the whole 
mass M about A is Mx. Hence 



x=a 



x=a 



Mx > 2^A&P, but Jfx < 2(^+&p) A&r. 

But when the number n of the parts, such as FQ, into which the 

rod is divided, becomes infinite eacn of these two sums converges to 

the same limit (§ 33), namely the integral from to a of xXjdx ; 

therefore fa 

Mx= \ xhix—\Ka^=\May 

so that x=^. 

In this and similar cases it is sufficient to consider only 

one of the inequalities and to write 

- f" 
Mx = ^\Sx approx. ; Mx = I xXdx. 

Jo 
In practice the differential dx is frequently used instead 
of the increment Sx ; we shall however adhere meantime to 
the notation of increments. 

Example 2. Find the centroid of a thin plate (or lamina) of 

uniform density and thickness, the plate having 
the shape of a quadrant of a circle. 

Let a be the radius of the plate and a- the 
mass of unit area ; then the mass M of the plate 
is jTTo-a^. 

Divide the plate into narrow strips like MNQF 
(Fig. 20); we may suppose the mass of the 
strip to be concentratect at the middle point 
of MF, 

Let OM^x, MN=8x, MF=y^^{a^-a^), The 
mass of the strip may be taken as cryhx and 
the moment of this mass about OA is ^y,a-i/8x or ^ay^Sx. Hence 
y is given by 

_ x=sa To 

-3^y = 2 ioy^^ approx. ; My^l ^ay^dx. 
But y2=a2— ^, and therefore by integration 

Ify= \i(r(d^x-lx^)\ =J(ra3 = j7r(ra^. ^, 




MN 
Fig, 20. 



so that 

since M=^(ra^. 



- 4a 
^ = 3^ 
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In the same way, or from symmetry, we see that x^AajZir, 

The student may show that the integral is the same if we suppose 

the elementary mass to be a-NQ . MJVy concentrated at the middle 

point of J^Q, 

Example 3. Prove the following theorems : 

(i) If an arc of a plane curve revolves about an axis in its plane 
which does not intersect it, the surface generated by the arc is equal 
to the length of the arc multiplied by the length of the path of the 
centroid of the arc. 

(ii) If a plane area revolves about an axis in its plane which does 
not intersect it, the volume generated by the area is equal to the area 
multiplied by the length of the path of the centroid of the area. 




Fig. 21. 

Take OX (Fig. 21) as the axis of revolution and let (7 be the point 
on the closed curve CPDH nearest F, and Z) the point furthest from 
OT. Denote by Vj any ordinate MP of the arc CPD^ by y^ any 
ordinate MH of the arc CHD^ by *i the arc CP and by %^ the arc CH^ 
&i and. 8«2 being the increments P§ and HK respectively of these 
arcs. The lengths of the arcs CP2), CHD may be denoted by ^„ l^ 
respectively. 

The ordinates y,, y^'y^ ^^ ^^ centroids of the arcs CPD^ CHD and 
the closed curve VPDa 9X^ given by the equations 

hyi=l'yidsi, ^2^2= j yA (^i+^2^8=j[ VA+jI yacfojj. 

But the area of the surface generated by the arc CPD is (§ 35) 

*Si = 2irj yicfoj 

which by the first of the above integrals is equal to SwyX, that is, to 
the distance ^wyi travelled by the centroid of CPD multiplied by ^| 
the length of the arc CPD, 
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Similarly the theorem is proved for the arc CHD and for the closed 
curve CPDH. 

Next, to find the ordinate y of the centroid of the area bounded by 
the curve CPDH^ we may take the strip HKQP as the element of 
area and suppose it concentrated at the middle point of HP, The 
area of the strip is (^1—^2)^^ approximately, where OM^x^ MN^hx^ 
and the moment of the strip about OX is 

i(yi+y2)(yi-y2)5^» tiiat is, \W'-y^)hx, 

Therefore yx&reak CPDff= I i{y^-y%)dx, 

JoA 

But the volume generated by the area^ is equal to the integral 
multiplied by 27r (§ 34), that is, equal to 27ry x area CPDH, 
These theorems are usually known as the Theorems of Fappna. 

Exam/pie 4. If the centroid of a plane area 8 lies on the ^-axis, 

show that / yds taken over the area is zero. 

If the area is divided into n small portions, of which hS may be 
taken as a tvpe, and if y is the ordinate of any point in S/S', then the 
moment of 00 about the ^-axis is y^S approximately and the moment 
of the area S is ^y^S approximately, where the summation 2 includes 
all the n portions like oS. The moment of the area is the limit of 
^y^S when n becomes infinite and each of the portions converges at 

the same time to zero. This limit is denoted by the integral jydS, 

But if y is the ordinate of the centroid of the area we have 



Sy^jydS. 



If the centroid lies on the ^-axis then y = 0, and therefore the 
integral is zero. 

Conversely, when jydS is zero the centroid lies on the a7-axis. 

Similarly, if we take 8 F" as an element of volume the y-coordinate of 
the centroid of the volume V is given by 

Fy=|yo?F, 

where the integration extends throughout the volume F. 
As a rule double integration (§ 70) is required for the evaluation of 

yds, but in simple cases double integration can be avoided. Thus, 



I- 



in example 2, 8S=y8x and only simple integration is needed ; similarly, 
in example 3, 8S={yi — y2)^^' 

38. Centres of Pressure. The intensity of pressure (8 25, 
example 2) at the depth x feet, in a heavy liquid of uniform 
density p pounds per cubic foot, is (Po+px) pounds per 
square foot, Pq being the intensity of pressure at the free 
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surface. In our examples p^ will be neglected, since the 
effect of Pq can be easily estimated without integration ; p^ 
contributes to the thrust on any plane area, 8 square feet, 
the amount pS pounds, this force acting at the centroid of 
the area 

The thrust on one face of a plane area, S square feet in 
extent, placed horizontally at the depth x feet, is simply 
pxS pounds acting at the centroid of the area. If the area 
is not horizontal the intensity of the pressure is different at 
different depths. To find the thrust on the area S in this 
case divide the area into n small portions, the area of one 
portion being S8, If the depth of any point in SS below 
the free surface is x feet the thrust on SS is approximately 
pxSS pounds, and the thrust on the whole area S is 
approximately XpxSS, the summation 2 including all the n 
elements SS. The limit of ^pxSSy when n becomes infinite 
and each element SS converges to zero (that is, the integral 

/yxdS) is the thrust on the area S. 

To find the point in the area, called the centre of pressure, 
at which this thrust, or resultant pressure-force, acts take 
moments about two lines in the plane of the area as in the 
following examples. 
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Fig. 22. 

Example 1. Find the centre of pressure of a rectangle whose plane 
is vertical, one side being parallel to the free surface. 

Let ABCD (Fig. 22) be the rectangle ; AB=-a, AD=^b ; h the depth 
of AB below the surface, to which AB ia parallel. 
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Divide the rectangle into narrow strips by lines parallel to AB^ and 
let ^P=a?, FR^Sx. The area PQSR=8S=^a8x; the thrust on PQSR 
ia p{h+a:)a8x approximately, and therefore the thrust P on the area 
ABCD is p 

Let X be the depth below AB of the centre of pressure and take 
moments about AB. The moment about AB ot the thrust on PQSR 
is x.p{h-\-x)a^Xy and therefore the moment about AB of the thrust 
on ABCD is 

x,p(h+x)adxy or pal{hx+a^)dXf 

which is equal to ^pal^h-k-^pal^. 

But this is equal to P x ^, the moment of P about AB. Hence we find 

^ ipab^h+lpai^_bh+%b^ 



r 



X=:' 



pabh + ipab^ 2A + 6 * 



If AB is in the surface of the liquid, h=0 and x=%b. 
It is obvious that the centre of pressure also lies on the line through 
the middle point of ^^ parallel to AD. 

Example 2. Find the centre of pressure of a triangle ABC, the 
base BCf hding in the surface of the liquid and the plane of the triangle 
being inclined to the vertical at the angle $. 
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Fig. 28. 

Let M (Fig. 23) be the middle point of BC ; it is easy to see that 
the centre of pressure lies in AM. Let ADh^ perpendicular to BC, 
PQ and R8 parallel to BC, DE vertical, L EDA = 0. 

BC=a, DA =h ; the perpendicular distance from BC to PQ is x and 
from P$ to ^iS^ is &r. 

PQ^ajXh - x) ; area of PQSR^rih - x)8x approx. 
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The intensity of pressure along PQ is px cos 6 and the thrust on the 
strip FQSE may be taken to be 

/M7 0os^XT(A-a:)&r, or ^—-7 (hx—a^)8a:. 

Hence the thrust F on the triangle ABC is 

P=^— 7 — / {/uc - a^)dx—\pah^o^ 0. 
Next, take moments about £C; the moment of the thrust on PQSR is 

a? . ^ — T — (hx - d72)&r, 
and therefore the moment of the thrust on the triangle ABC is 

OCL cos ff I 

The distance jc from BC of the centre of pressure is therefore 

S = J5 pah^cos -7- Ipah^cos 6 = \h. 

The centre of pressure is therefore the middle point of AM\ its 
position is independent of the inclination 6. 

39. Moments of Inertia or Second Moments. If r^, r^^ ... 
Tn are the distances from an axis OR of n particles of 
masses m^, Wg* ••• w^ respectively, the sum 

m{r^-\-m^r^+,.,+mnr^^l^mT^ (1) 

is called the moment of inertia of the set of particles 
about OR. 

The moment of inertia of a continuous body is obtained 
by supposing it to be divided into a large number n of 
small pieces and finding the limit, for n becoming infinite 
while each of the n pieces converges to zero, of the moment 
of inertia of the n pieces. The sum (1) is then replaced by 
an integral. If ^m^, ^mg, ... are the masses of the small 
pieces and r^, r^ ... the distances from the axis of any 
point in the masses ^m^, Sra^ . . . respectively, the moment 
of inertia about the axis is tne limit of ^r^&m and is given 
by the integral f^^^ 

taken between proper limits. 

If the total mass of the system is M, and if ^ is chosen so 

Ml^ = ^7Yi7^, or Mk^ = 1 7^d/m, 

the quantity ky which is of the nature of a length, is called 
the radiiu of gyration of the system about the axis. 
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We shall suppose the bodies treated to be of uniform 
density. When the density is taken equal to unity the 
masses may be treated as volumes, areas, or lines ; in this 
case the moment of inertia is often called the second moment 
of the volume, area, or line about the axis. 

The symbol I is generally used to denote a moment of 
inertia ; if Jlf is the mass of the system and A the radius of 
gyration about an axis, then I^Mk^ for that axis. 

The work of finding moments of inertia is greatly 
simplified by the following theorems ; the proofs are very 
simple (see any text-book of Mechanics). 

Theorem 1. If OX, OY, OZ are three rectangular axes, 
and if Ix, /y, Iz are the moments of inertia about OXy OYy 
OZ respectively of a plane lamina lying in the plane XOYy 
then 

Theorem 2. If Ir is the moment of inertia about any 
axis ORy Iq the moment of inertia about a parallel axis 
through the centre of inertia G, a the distance between the 
two axes, and M the total mass of the system, then 

Example 1. A thin straight rod of uniform density about an axis 
through one end perpendicular to the rod. 

Let AB (Fig. 19, p. 89) be the rod, and take the same notation as in 
§ 37, example 1. The mass of PQ is A&r and the moment of inertia of 
this element may be taken to be ^ . A&c. Hence for the moment of 
inertia / of the rod we have 



= r^^Xdx = JA.a3 = IMa^y 



so that k^=ia% i&=0-577a. 

The moment about an axis through the middle point of the rod 
perpendicular to the rod is ^Ma\ as may be proved either by in- 
tegration or by Theorem 2. 

Example 2. A uniform rectangular lamina about an axis through 
its centre parallel to one side. 

Let the lamina be A BCD (Fig. 22, p. 93) and let the axis be parallel 
to AD \ AB—a^ AD=h. Divide the lamina into narrow strips like 
PQSR ; if 8m is the mass of PQSlt the moment of this mass is, by 
example 1, ■j'ja^Sw. The moment of the whole mass M is therefore 

Similarly, the moment about an axis through its centre parallel to 



EXAMPLES. 97 

AB is -^b^ . Mj and therefore the moment about an axis through its 
centre perpendicular to its plane is, by Theorem 1, 

The moment of a uniform rectangular parallelepiped (a brick or 
cuboid) whose edges are a, 6, c about an axis through its centre parallel 
to an edge, the edge c say, is 

where M is the total mass of the parallelepiped. To prove this result, 
divide the parallelepiped into thin slices by planes perpendicular to 
the edge c. The moment of a slice is 

iV(^^ + b^) X (mass of slice), 
so that the required moment is ^(a^+b^)M, 

Example 3. A uniform circular lamina of radius a about a diameter. 

Let a! OX be the diameter, T'OY the perpendicular diameter and 
/jB, /y, It the moments about OX, OF, OZ respectively, where OZ is 
perpendicular to the plane of the lamina. It is clear, from symmetry, 
that ly—Ixi and therefore (Theorem 1) /x=^/,. 

To find /„ divide the lamina into narrow concentric strips. The 
mass 8m of the strip bounded by circles of radii x and ^+&f may be 
taken as 2?r(r^&p, where o- is the mass of unit area of the lamina. The 
distance from OZ of each point of the strip may be taken as or, so that 
the moment of hm is a^.^ira-xSa: or 2'7r(Ta^Sx, Hence 

where M is the mass of the lamina. Therefore Ig=\Ma^ and k=\a. 

Example 4. A sphere of uniform density about a diameter. 

Divide the sphere into thin slices by planes perpendicular to 
the diameter. The mass Sm of a slice distant x from the centre of the 
sphere is 'jrpOi^ — a^)8x, where p is the density and a the radius of the 
sphere, and ox the thickness oi the slice. The moment of this circular 
lamina about the diameter of the sphere is, by example 3, i(a^ — a^)8m^ 
that is ^p(a^—a^y8x. Hence for the moment of inertia /we have 

Iz=^pj\a^^x^)^dx==lTrp,iia'^ = iaW 

where M=^pc^, the mass of the sphere. 

Example 5. Bending moment. 

In the usual theory of the bending of beams the intensity of stress 
at any point of a section of the beam, made by a plane perpendicular 
to its length, is of the form Ex/R where R is the radius of curvature 
of the curve into which the beam is bent, Eisa, constant, and x is the 
distance of the point from a line in the section called the neutral axis. 
The stress across a small section 8A containing the point is ExSA/R ; 
this stress may be resolved into a force ExhAjR acting at a point in 

G.I.C. G 
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the neutral axis, and a couple Ex^SA/K Summing these over the 
area A of the section we find as the resultant of the sti'esses : 

(i) a force, -^^SA ; (ii) a couple, -=20^8 A. 
K Jti 

For prire flexure the force is zero, and therefore ^8 A is zero ; 
the centroid of the section will in this case lie in the neutral axis 
(§ 37, exaro{)le 4). The stress thus reduces to a couple EIIR, where 
l(=23iP^A) is the second moment of the ai*ea A about the neutral axis. 
This couple is equal numerically to the bending: moment of the applied 
forces. EI is called the flezural rigidity of the beam. 



40. Work done by an Expanding Gas. Suppose the gas 
to be confined in a long rigid cylinder closed at one end 
and fitted with a piston which is free to slide, the cross 
section of the cylinder being constant, equal to 8 square 
feet. Let the intensity of pressure be p pounds per square 
foot. 

The work, 8W say, done by the gas in pushing out the 
piston a small distance 8x feet is, approximately, pSSx foot- 
pounds. But SSx is equal to Sv, the increment of the 
volume V, Hence 8W = 'pSv approximately; taking the 
limit for Sv converging to zero we find 

dW 

-^=P> or dW=pdv. (1) 

The work done in increasing the volume from v^ to v^ is, 

in foot-pounds, rt^ 

^ Tr= pdv (2) 

If the gas is compressed from volume -Vg to volume v^ 
the integral (2) gives the work required to produce the 
compression. 

Equations (1) and (2) hold whatever be the form of the 
containing vessel, the walls being flexible in whole or in 
part; but the proof need not be given here. The work 
done is represented by the area between the graph of p, 
the v-axis, and the ordinates to the t;-axis at v^^ and v^- 

The three equations connecting p, v, and the absolute 
temperature t are. 

(i) ^=(7i; (ii) pv^C^; (Hi) pyy^G^. 



WORK DONE BY AN EXPANDING GAS. 99 

Equation (ii) holds for isothermal expansion, equation 
(iii) for adiabatic expansion. The constants Cj, C^, Cg are 
different from one another. 

For air at 32"* F. or 493° absolute temperature, v being 
the volume in cubic feet of one pound of air and p the 
pressure in pounds per square foot, we have 

(7i = 5318, Cj= 26220, y= 1-404. 

These values are taken from Prof. Ewing's treatise on 
the steam-engine* ; the absolute temperature is obtained by 
adding 461 to the Fahrenheit temperature. 

Example 1. One pound of dry air at volume V| and (absolute) 
temperature r« expands adiabatically to volume v^ ; find the work 
done and the change in temperature. 

By equation (2), since po^^^C^ we have 

If we put piV^ for (7s in each of the fractions in (3) we get 

■'-^{-en-r^v-s^} <'> 

where R^^vjv^^ the ratio of expansion. 

If in the first of the fractions in (3) we put piV^* for C^ and in the 
second p^^ for C^ we find 

^-^^W" v"-V FIT--; w 

If T2 is the temperature at volume v^ we have p^v^=CiT^ by (i) ; 
also j?ii;i=(7iTi and therefore by (5) 

|yr^ g^l(Tl-T2) (g^ 

Suppose ri=661(200* F.) and v^^^^v^ ; then from (4) and (6X since 
PiVi^CiTi^ we have 

Tr= 21240, Ti-T2=161. 

The work done is therefore 21240 foot-pounds, and the temperature 
has fallen 161° ; the temperature has fallen from 200' F. to 39* F. 

If the air at 39** F. were compressed adiabatically to half the volume 
the work required to produce the compression would be 21240 foot- 
pounds, and the temperature would rise to 200° F. 

* The Steam-Engine and other Heat-Engines, By J. A. Ewing. (Cam- 
bridge: University Press.) 
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Example 2. If the expansion described in example 1 is isothermal, 
find the work done. 

In this case pv^d^ and equation (2) gives 

^=Ir?^^=^2log«g)=mlog./2. (7) 

Suppose Ti = 500(39'' F.), i72=2vi so that 5=2 ; then 

jr= 53-18 X 500 X loge 2 = 5318 x 500 x 0-6931 = 18430. 
The work done in this case is therefore 18430 foot-pounds. 

EXERCISES. X. 

1. Show that the coordinates of the centroid of a plane lamina of 
uniform density in the shape of a quadrant of an ellipse whose axes 
are 2a, 26 are given by 

^ = 4a/37r, y = 46/37r. 

2. Find the centroid of a uniform right circular cone the area of 
whose base is A and whose height is h. 

[The centroid clearly lies on the axis. Take a section perpendicular 
to the axis at the distance x from the vertex ; the area of tne section 
is a^Ajh^ and the mass of the slice of thickness &r is px^A8x/h% p being 
the density. Take moments about an axis through the vertex paralM 
to the section ; then 

Mx— \ x.'-^^dx—^ph^A; 5=|A.] 

3. Show that the centroid of the area bounded by an arc of the 
parabola y^=ax^ the :r-axis and the ordinate at the point (A, k) is 
given by x=%h, y=%k. 

4. ACB is a semi-circle of radius 5 ; is the middle point of the 
diameter AB^ and C is the middle point of the arc AB. Show by the 
theorems of PSippus that the centroids of the arc and the area lie on 
OG at the distances from given by 

y= — for the arc ; y=-- for the area. 

5. Show that the surface of the tore (Exercises IX., 8) is 47r2ac, 
and that the volume is 2xW<j. 

6. A triangle ABC has its vertex A in the surface of a liquid and 
has its base horizontal ; M is the middle point of the base BV. Show 
that its centre of pressure is at H where AH=^AM. 

7. One of the parallel sides -4^ of a trapezium A BCD is in the 
surface of a liquid ; if AB=a, DC=h^ and if the perpendicular distance 
between AB and DC is A, show that the centre of pressure lies on the 
line joining the middle j)oints of AB and Z>(7, and that its perpen- 
dicular distance from AB is 

a+36 h 

a+^ '2* 
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Deduce from this result the position of the centre of pressure (i) of 
a parallelogram with one side in the surface, (ii) of a triangle with its 
base in the surface, (iii) of the triangle of example 6. 

8. In example 1 of § 38 show that, when h is large compared with 
6, the centre of pressure all but coincides with the centroid of the 
rectangle. 

9. If in example 1 of §38 the depth of the centroid of the 
rectangle ABCD is hy and the depth of the centre of pressure y, and if 
the rectangle is lowered so that the new depths of the centroid and 
the centre of pressure are h^ and z respectively, show that 

10. A plane area ^S' is immersed vertically in a liquid so that the 
depth of the centroid G of the area is h^ ; show that the depth y of 
the centre of pressure is given by 

where / is the second moment of the area about the horizontal 
through G. 

Apply the result to show that the equation of example 9 holds for 
any plane area, z and h^ having the same meaning as in that example. 

Find the moments of inertia in the cases given in examples 11-19, 
the density being supposed uniform and the mass being M in each case. 

11. A circular lamina of radius a, about a tangent. 

12. A circular lamina of radius a, about an axis through a point on 
its circumference perpendicular to its plane. 

13. A sphere of radius a, about a tangent line. 

14. A sphere of radius a, about an axis distant c from its centre. 

15. A rectangular lamina of sides a, &, about an axis through the 
middle point of the side a perpendicular to its plane. 

16. A right circular cylinder whose height is h and whose cross 
section has a radius a, (i) about the axis of the cylinder, (ii) about a 
diameter of one of its circular ends. 

17. A hollow circular cylinder, about the common axis of the two 
bounding surfaces, the inner and outer radii of a cross section being 
a and 6 respectively. 

18. A right circular cone whose height is h and whose base has 
a radius a, (i) about its axis, (ii) about an axis through its vertex 
perpendicular to the axis of the cone. 

19. A triangular lamina of height h^ (i) about its base, (ii) about an 
axis through its vertex parallel to its base. 

20. Show that the flexural rigidity (the stiffness) of a beam of 
rectangular cross section is proportional to the product of the breadth 
and the cube of the depth. 
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21. The pressure of one pound of saturated steam at 347° F. is 
130 lb. per sq. in. and the volume is 3*44 cub. ft. Find the work done 
in an adiabatic expansion that doubles the volume, and the fall in 
temperature, (y = 1 • 1 35.) 

22. Find the work done in suddenly compressing one pound of 
dry air, originally at 32° F., to three-quarters of its original volume ; 
state also the temperature immediately after compression. 

23. One pound of dry air at volume Vj, pressure pi and (absolute) 
temperature Tj, is subjected to the following process : (i) it expands 
isothermally to volume v^f taking in heat and doing work ; (ii) it 
expands adiabatically from volume ^2, doing work at the expense of 
its internal energy, till its volume has become Vg and its temperature 
T2 ; (iii) it is compressed isothermally at temperature T2 from volume 
Vs, work being spent on the gas (or neaative work being done by the 
gas) till its volume has become V4, v^ being on the same adiabatic as v^ ; 
(iv) it is compressed adiabatically till its volume has become v^. Find 
the total work done by the gas, the work done during compression 
being considered negative ; show that the work is represented by the 
area Dounded by the two isothermals and the two adiabatics. 



CHAPTEE IX. 

DIFFERENTIATION OF DIRECT TRIGONOMETRIC 

FUNCTIONS. 

41. Trigonometric Limit. When an angle is small, say 
less than 5°, the sine of the angle is approximately equal to 
the number of radians in the angle. Even for an angle of 
10°, the error in taking the number of radians for the sine 
is just a little greater than ^ per cent. For, 

10 degrees = 01745 radians, sin 10° = 0-1736, 

, 0-0009 .^^ ^-o 

percentage error = ^ .. ^^^ X 100 = 0-52. 

In the language of limits, this fact is expressed as 
follows : if is the number of radians in an angle 

L?i^=i (1) 

$=0 " 

We shall show that this limit is equivalent to another 
limit already assumed (§35), namely that 
the limit of the quotient (chords arc) is 
unity when the arc converges to zero. 

Let the radius OA (Fig. 24) of the 
circular arc -4 J5 be r, and let the angle A OB 
be 6 radians ; then, 

chord AB=2r Bin i^e, a,re AB^rO. ^^'^ 

But sin = 2 sin ^9 cos ^0, and therefore 

chord ^J5 2 sin id sin0 1 

X 




arc ^5 e cos|0 
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Now, when the arc AB converges to zero, the angle 
also converges to zero and cos^0 converges to unity. 
Hence, if the fraction (chord AB-t-bxq AB) converges to 
unity, so does sin O/d. 

The discussion is made I'ather simpler by taking the angle AOB 
to be 2^ ; in this case the fraction (chord AB-t-sltc AB) is equal to 

sin e/e. 

If D is the number of degrees in the angle AOB, then 

^__180^ sini>__ TT sin 6 

and therefore L ^^^Tr-"=rlA (2) 

. . tanfl sin0 1 

Again, _^= X 



e e COS0' 
and therefore L^?5i=l (3) 

Note. Unless the contrary is expressly stated, angles 
are measured in radians. 

If the student is to do satisfactory work in differentiating and 
integrating circular functions he must be quite familiar wiwi the 
formulae Tot sin {A ± B) and cos (A ± B). The following modifications 
of these formulae are important : 

sin ^ - sin 5 = 2 sin ^(^ - 5) cos i(^ + 5), 

cos ^ - cos j5= 2 sin \{B - A) sin \{A + B), 

sin«^=J(l-cos2-4); 008^-4=^(1+ cos 2^). 

Exam/pie 1. Prove 



,.. T 2sin(J&F) - ,..v T 2sin(i<Jt&p) 



a. 



8«=0 ~^ ' to=0 ^ 

In (i) put for J&f ; then Q tends to when &r tends to 0, and 
therefore 2sin(J&r) ^ sin^ , 

L o = L —2 — = !• 

In (ii) put ^ for \ahx ; then, as in case (i), 

T 2 sin (iaSar) , sin ^ ^ 

L -^ ^= L ax— ^ =axl=a. 



DERIVATIVES OF CIRCULAR FUNCTIONS. 105 



KxcLTfiple 2. 
Wa have ■ 


Prove 
.. y sinoj? a .... ^ tancw? a 

sino^r sino^r ^.t a 

— X ' X ■ ■ 




sin hx ax '" sin hx '^ h 



When X converges to zero the first and second factors each converge 
to 1, while the third factor is constant ; the limit is therefore ajh. 

In the same way equation (ii) is established. 

When X is small we may, as an approximation^ replace sin ax or 
tan ax hy ax; the error involved in tne approximation, even if the 
angle be as large as 10°, is only a little greater than ^ per cent, and 
1 per cent, respectively. On the other hand, when seeking the limit 
for X converging to zero, of the expressions 

sin eu7 tan ax sin ax 

hx ' hx ' tan 6^ 

we may at once, vrithout affecting the limits replace the sine and the 
tangent by the angle. Thus, 

sin ax sin a^ ax 

hx ax hx* 

the limit of the first factor on the ri^ht is unity, and therefore the 
limit of sin axjhx is the same as that of axjhx. 

Similarly, in example 1 (ii), we may proceed thus : 

... 2 8in(ia&r) ^ 2xkK&r „ , 

42. Derivatives of the Circular Functions. The angle 
occurs so frequently in the combination ax+h that 
the student should be familiar with the derivatives of 
sin(aa3 + 6), cos(aa; + 6), tan(aa; + 6) as well as those of sinir;, 
cos 05, tan 05. Before reading the proof he should note the 
remarks at the end of example 2, § 41. 

I. DxSinz = cosz; DxSin(az+1>) = acos(ax+b). 

«a:=0 OX 

___ -p 2 sin ( J5aj) cos {x + 1 Sx) 

to=o Sx 

_ T 2x|^a5Xcos(a5+^^a5) 

to=o Sx 

= L cos(a5+|&i5) 

air=0 

= cos X ; 
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Sx=0 OX 

__ y 2 sin(^ato)cos {ax + \aSx + 6) 
_ ^ 2 X ^g^fl? X cos(aa? + ^a&c + 6) 

to=0 ^^ 

=acos(aa3+&). 

The value of 2) sin (or +6) may also be found by using § 26(a). 
Thus, \Qtu=ax+h\ then y=sin (a^+6)=sin w, and 

dy dy du / . r\ 

-^ = -^ X -f- = cos iA X a = a cos ( CM? + 6). 
ax du ax ^ ' 

II. DxC0sx= — sinz; DxC08(az+b)= — asm(ax+b). 

^ T cos(aj+^aj)— cosa; t cosx—co^ix+Sx) 

DaiCOSX= L ^^ Y^^ = — L j-^^ — — -. 

Sx=0 oX «a.=o OX 

But COS X — cosCa? + Sx) = 2 sin( J^a;)sin(a5 + iSx), 

and the rest of the proof is the same as for the sine. In 
the same way the value of DxC08{ax+b) is obtained. 

III. Dx tan X = sec^ ; D^ tan (ax + 1)) = a sec^Cax + b). 

^ , T tan (03+ to) — tana? 
Dfgta.nx= L ^ ^ 

«x=o Sx 

__ J sin(a; + to) cos x — cos(a; + to) sin x 

^6x^0 to cos(a; + to) cos x 

T sin to 1 

= L — ^^^ — X 



sx=o Sx cos(a; + to)cosa5 

= — 5— =sec^aj. 
cos^a; 

We leave it as an exercise to the student to prove that 

IV. Dx cosec X = — cosec x cot x. 

y . Dx sec X = sec X tan x. 

VI. Dx cot X = — cosec^x. 

Note. If the angle x is not x radians but x degrees, the 
factor 2sin(|to)-7-to converges to x/lSO; therefore 

Da.sinaj = Y^7jCosfl;, Da5Cosaj= — Yr^sina?, Da.tanaj=Y7TQsec^ 
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It is the occurrence of the factor 7r/180 that makes the use 
of degrees cumbrous in diflferentiation and integration. 

The following exercises are very simple, but the beginner 
will do well to try most of them in order to fix in his 
memory the values of the derivatives just obtained. A 
careful inspection of the process and results will often give 
useful hints for integration. 



EXERCISES XI. 



Dififerentiate with respect to x 
!• siller. 2. cos 2a?. 



4. cos (2^7 +6). 

7. 8m(i^+j7r). 

10. cos(3-2.r). 

13. sin^(a?+2). 

16. cos —(a? +6). 

19. sin mx cos nor. 

22. cot (3^ -4). 

25. x^vax, 

28. ^cos^. 

31. Jj?+isin2a?. 

34. t\r c<>8 3af ~ i c<>8 a:, 
sin^r 



37. 



40. 



X 

1 — cos X 

1 + COS 07* 



5. sin(3-:r). 

8. cos(^ar+j7r). 

11. sin 6(07-^). 

27r 

14. cos -^(07+ 2). 

17. sin 2^ cos x, 

20. sin mx sin nx, 

23. cosec(2a7-3). 

26. ^ cos 07. 

29. 0? sin 07+ cos a:. 

32. \x — \ sin 207. 

35. tan 07-07. 

38 ^^^^ 
41. 



07 

sin 07 — cos 07 



Sm 07+ COS 07 



3. sin(2o7+5). 

6. cos (3 -07). 

9. sin(3-207). 

12. cos5(o7-i7r). 

15. sin — (07+6). 

18. cos 2o7 sin 07. 

21. tan(3o7-4). 

24. sec(3o7-2). 

27. 072sino7. 

30. sin 07 - 07 cos 07. 

33. f sino7+^sin3o7. 

36. 07 tan 07. 

og 1 - sin 07 



42. 



1 + sin 07* 



sin 



1— coso? 



43. 2 cos 07 +2o7 sin 07-07* cos or. 



44. sin 2o7 — 2.r cos 2o7. 



43. Worked Examples. We shall now work one or two 
examples, illustrating various points. 

Example 1. If y=sin«(3o7+4), find ^. 

dx 

Here y is a power of a function of x ; denote the base of the power, 
namely sin(3o7+4), by a single letter u, and then apply §26 (a). 

Thus 2/=u^f w=sin(3o7+4). 

^=^x^=2wx3cos(3o7+4)=68in(3o7+4)cos (307+4). 



1 I 



'1 



Ml) 
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Similarly we find, for instance, the derivative of cos*^. 



-^ = 3u^ X ( - sin^)= - 3 cos^orsinar. 



After a little practice, the actual substitution of u will be found to 
be unnecessary. Thus 

D cos'o: = 3 cos% x ( - sin a?) = - 3 cos^o; sin a;, 

D tsLn^x=2 tan a; x sec^^r = 2 tan x sec^x. 

Example 2. Find the n^ derivative of sin (ax+b). 

2) sin (<M7+ 6)= a cos (cm? +6)= a sin (ax+b + -xf (1) 

because cos A = sin (A + Jtt). 

Similarly, 

/>*sin(aa?+6)=aZ)8in (ax+b+-^j=ahm lax+b + 2^ j, 

L^in {ax+b)=aW sin ( ax+b + 2^ j =a'sin ( ax+b+3^ J. 

The law of formation is now obvious ; for the n^ derivative we find 

D^m((zx+b)=a**ain lax+b+n-^j. 

The value a sin (cm: +6+^) for the derivative of sin (cm? +6) should 
be noted. 

Example 3. If -^=>/(a*-^) and x^asinu, find -^ and express 
its value in terms of u. 

-^=^(a^-a^)=acosu, -r^^acoau; 

therefore -^ = -i^ x -=- = a cos uxa cos u=a^ co»hi, 

du dx cm 

The value may be written 

g=K(l+cos2t*), 

a form specially useful for integration. 

Example 4. Find the turning values of 2 sin .r +sin 2a?. 
' Let /(;r) = 2 sin :f + sin 2^ ; then 

f{x) = 2 cos ^+ 2 cos 2^ ; f(pc) = - 2 sin ^r - 4 sin ^r. 
Now, /' {x) — 2 (cos X + cos 2^) = 4 cos — - cos -, 

and therefore /'(a?) is zero when 

(i) cos-Q-=0 or (ii) cos^=0. 
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Restricting oarselves to values of x between and 2n-, we see that 
equation (i) gives, for 3x/2, the values n-/2, 3x/2, 5ir/2, and therefore, 
for ar, the values ^/3, ^, 5^/3. 

Next, /"(!)= _2x5^-4x^=-3V3, 

and therefore /(tt/S), which is equal to 3^3/2 or 2'698, is a maximum 
and/(57r/3), which is equal to -2'698, is a minimum value oif{x). 

When ^=7r the value oif'{x) is zero, so that/"(^) i^ this case gives 
no criterion. It is easy to see, however, by examining the sign of 
f{x) for values of 4: a little less and a little greater than tt, that /^'(x) 
does not change sign as x increases throu^ tt. The value /(ir) is 
therefore not a turning value. 

The values of x given by (ii) are tt, 37r ... and do not give turning 
values oif{x), 

f{x) is a periodic function, with period 27r, and the turning values 
are of course repeated in each period. 

Examvple 5. A particle is moving in a straight line, and at time t 
its distance x from a fixed point on the line is given by 

:r=aco8(7t^+€) ; 

find its velocity v and its acceleration a at any instant. 

We have a?=acos(w^+€); (i) 

therefore 1;=—= -wasin(w^+€) (ii) 

and ^'^dt~~fli^~ "^*^<^<^8(w^+€) (iii) 

or a=—n^x. (iv) 

From (iv) we see that, at any instant, the acceleration a is pro- 
portional to the displacement x of the particle. The direction of the 
acceleration is towards ; because when x is positive a is negative, 
and when x is negative a is positive. 

The motion of the particle is said to be a simple barmonic motion ; 
equation (iv) proves tnat in simple harmonic motion the acceleration 
is proportional to the displacement. 

The acceleration is greatest (numerically) when iF=.±a, that is, 
when 7i^+€ is a multiple of ir ; the velocity is then zero. The velocity 
is greatest (numerically) when sin(w<+€)= ±1, that is, when nt+€ is 
an odd multiple of Tr/2 ; x and a are then both'zero. 

Equation (iv) may be written 

d^x o d^x a «, / \ 

^=-«%,or^+««x=0 (V) 

This equation is called the differential equation of simple barmonic 
motion; equation (i) from which it is derived by differentiation is 
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called, in respect to (v), the integral of equation (v). The two con- 
stants a, € are the constants of integration. It will be noticed that, 
whatever be the particular values of a and c, we get the same 
equation (v). 

The equation x=^a^m{nt+€) gives rise to the same differential 
equation (v). (Compare Exercises XII., 56 and 57). 

Example 6. A point moves so that at time t its coordinates with 
reference to two rectangular axes are ^=acosw^, y=6sin7i^ ; find the 
gradient of its path at any instant. 

dy dy dx n5cos?t/ & ^ . 

:j =:^-^:j7= = — *— — cotw^. 

dx dt dt —na^iant a 

When ^=0 we have ^=a, y—0\ the gradient is then infinite, so 
that the point is moving in a direction at right angles to the ^-axis. 
Since dyfdt is positive, equal to nh^ when ^=0 the point is moving 
upwards. When t—vjn the gradient is again infinite ; but now 
dyjdt is negative, equal to -7»6, and the point is moving downwards. 

When t—Trf^n and 37r/2« the point is moving parallel to the :r-axi8, 
in the first case towards the left and in the second case towards the 
ri^t. 

By eliminating t we find the equation of thepath of the point to be 
^/a2+yV^*=l J ^^® P*^^ is ^^^s ail ellipse. Tne motion of the point 
is in fact compounded of two simple harmonic motions of the same 
period at right angles to each other. 

The equation of the line through the centre of the ellipse paraUel 
to the tangent at P (the position of the point at time t) is 

bx , . 
y= cot nt. 

This line meets the ellipse at 

Q( — aslant, &cos7^^) and Q' {a sin nt, —bcoant), 

as may be seen by solving the equations of line and ellipse as simul- 
taneous equations. If is the centre of the ellipse, then 

OQ = OQ' = V(«^ sin^^ + ^ co&hu). 
The velocity of £he point when at P is given by 

and is therefore proportional to OQ, the semi-diameter coiijiigate 
to OP. 

EXERCISES. XII. 

Di£ferentiate the functions in examples 1-20. 

1. cos*(3a?-2). 2. sin\4^-l), 3. cos\aX'^b). 4. sin"(ar-»-6). 
6. ^/(sina?). 6. >/(cos2a?). 7. ain^xGoa^x. 8. sin"*x cos"j?. 
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Q ^ in ^ 11 sin^ ,o sin^'a? 

«• — ; . XU* — ; — 5-, XX. 3—, X^« — . 

sino? sm'^j: cos*^ cos"ir 

13. tan^^. 14. sector. 16. tan*(aa?+6). 16. ^F*tan*a?. 

17. a^in^a;, 18. ^i^^cos'^. 19. a:"sin"a;. 20. af^cos^a:. 

Find the turning points and the points of inflection on the graphs 
of the functions in examples 21-28 ; only one period of the functions 
need be considered. Sketch the graphs. 

21. sin^^. 22. sin^^. 23. sin^or. 24. co8%. 

25. cos^o;. 26. co§*jp. 27. ta.n^x. 28. tan^j;. 

Find the 2nd derivative of the functions in examples 29-35. 

29. sin^^. 30. cos^^. 31. tan^^. 32. sin5a7cos3^. 

33. cos 507 sin 307. 34. sin 97107 sin tjot. 35. sinmrcosno?. 

Find the n^ derivative of the functions in examples 36-40. 
36. cos(ao7+6). 37. sin2o7. 38. sin'o?. 

39. 008^07. 40. cos%. 

41. Show that (1 +o7tano7)/o? is a minimum when 07= cos 07. Verify 
from the tables that 07^0*739 approximately. 

42. Show that 8ino7sin2o7 is a maximum or a minimum when 
amx==J{2l3)y according as the angle 07 is acute or obtuse. State the 
angles to the nearest minute. 

43. Show that sin o;(l + cos or) is a maximum when x^^ir/S, 

44. Show that the maximum value of a sin x+b cos 07 is + ^(a^ + 6^), 
and the minimum value —Jia^+lP), 

Solve the problem also by expressing asino7+2>coso7 in the form 
i?sin(o7+^). 

45. Given the length (Q of an arc of a circle, show that the segment 
of which I is the arc will be a maximum when the segment is a 
semi-circle. 

[If the arc subtends the angle 6 at the centre of the circle, the area 
of the segment is 

This expression is a maximum when d=ir.] 

46. A circular sector has a given perimeter ; show that when the 
area of the sector is a maximum the arc is double the radius, and that 
the maximum area is equal to the square on the radius. 

47. From a given circular sheet of metal it is required to cut out a 
sector, so that the remainder can be formed into a conical vessel of 
maximum capacity ; show that the angle of the sector removed must 
be 2(1 - iJ6)7r radians (about 66" 4'). 
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In examples 48-55 find dyjdu^ expressing its value in terms of u, 

49. -^=(a^ — x^y ; x=aauiu. 



51. ^=V(2flW?-a72); a7=a(l+sinw). 

52. -r——rn wi n > x=aco^+hmiiN„ 

ax ij\{x — a){h -x)} 

53. -f-=>/{{^-<^)(f>-^)}'i x=^aco&ht+bBiuhi, 

dv X 

54. #= r;a?=asin2M. 



dx 



(a-x)^ 



55. T^=7 — ; — y. . m ; ^+a=6tan«*. 
dx {x+ay+o* 

56. If x=Acos7it+B sin nt, show that 

57. Show that each of the equations 

(i) x=A cos (nt + i), (ii) ^ = C'sin (nt + /)), 
(iii) x—EcosfU+Fsinnt, 

whet'e Ay By Cy Z>, By Fare constants, gives rise to the equation 

58. A particle moves in a circle of radius a with constant angular 
velocity cd ; when ^=0, the radius to the particle makes with OX the 
angle €. Show that, if at time t the coordinates of the particle are Xy y, 

^=acos(<o^+€), y=asin(o>^+€). 
Show also that 

d^X / X CPV . r V o 

-T^cos((o^+€) + -^sin(a>^+€)= -w^o, 

d^x . , . dhj , , ^ 
- -^ sin (o)^ + €) + ^ cos (w^ + €) = 0. 

Prove from these equations that the acceleration of the particle is 
constant in magnitude and is directed to the centre of the circle. 

59. The coordinates of a point are given by the equations 

^ = a(^ - sin ^), y = a(l - cos ^), 
where 0<^^27r. Show that the tangent to the locus of the point 
makes with the :r-axis the angle i(7r-^). Graph the locus. The 
curve is called a cycloid. 
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44. Series for sin a? and cos a?. We shall now establish 
the following expressions for sin x and cos x. 

8ma=a!-3^+5j-yj+...±^2^j^,; error <^-2;j^^pjyj. 

(x? x^ dfi x^ X ^^"^^ 

co8a,=l-2J+4j-6^+...±(-2;^; error<^2fe)T- 

The signs are alternately + and — , and x^ denotes the 
numerical value of x\ that is, x^^x when x is positive, 
but aji= —05 when x is negative. The symbol n !, where n 
is a positive integer, means the product of the first n natural 
numbers ; for example, 

31 = 1.2.3 = 6, 4! = 1.2.3.4 = 24. 

The proof, though somewhat artificial, is very simple and 
depends on the following principle. If f{x) is positive and 
if f{x) = when a; = 0, then f{x) is positive when x^Q\ but 
\i f\x) is negative and if f(x) = when a? = 0, then/(aj) is 
negative when a3>0. 

The truth of the principle is established by § 19. Thus, 
\if{x) is positive, /(a;) increases as x increases; if f(x) = 
when 05 = 0, then /(a;) becomes greater than 0, that is, /(fl5) 
is positive when x becomes greater than 0. Similarly, when 
f(x) decreases from it becomes negative. 

Note also that if a— 6 is positive, a is greater than 6; if 
a— 6 is negative, a is less than 6, the words "greater" and 
" less " meaning algebraically " greater " and " less." 

Consider the following sets of functions in which x is, 
for the present, supposed to be positive. 

f^(x) = sin aj — x, -^i(^) = cos aj — ( 1 — -^ j, 

/2(aj)=sinaj-(aj-g^), ^2(^) = cosa;-(l-^+|-J, 

/3(aj) = 8inaj-(^a;-gj+g-,j, i?;(a;) = cosaj-(^l-^+^j-~,j. 

We take the functions /i(aj), i^i(a3), /2(a;), F4^\ ... in turn 
and differentiate. 

(i) /i(aj) is negative, and therefore sinaj^aj. 

G.I.C. H 
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For, f\{^) = cos oj — 1 = negative quantity 

because cosa;<i. Hence f^{x) is a decreasing function; 

but /i(a5) = when aj = 0, and therefore f-^x) is negative 

when xi>0, 

x^ 
(ii) F^{x) 18 positive, and therefore cosa;>-l — ^. 

For, F^Xoc) = — sin aj + 05 = positive quantity 
because, by (i), sinaj<;aj. Hence F-^(x) is an increasing 
function; but Fj/[x) = when x = 0, and therefore F^{x) is 
positive when x^O, 

(iii) f^ix) is positivey and therefore sin a:>aj— ^. 

For, f^Xx) = cos a? - (l - 1") = F^(x\ 

so that f2(^) is positive, by (ii). Hence /^(x) is an increas- 
ing function ; but f^ix) = when x = 0, and therefore f^ix) is 
positive when 05 >0. 

(iv) -F2(aj) is ncgra^ive, and therefore cosa;<Cl — -q+j-j- 
For, ^/(a;) = - sin oj + (a; - J) = -/.(a;), 

so that J^oX^) is negative, by (iii). Hence F^ix) is a decreas- 
ing function; but F^(x) = i) when a? = 0, and therefore F^ix) 
is negative when a;>0. 

Proceeding in this way, we see that f^(x) is negative and 
F^(x) positive, so that 

v)sina;<aj-g-j+g^; (vi) cosaj>l-^+^-g-,. 

We thus obtain the inequalities 

x^ ^ , ^ a? x^ 
x-3-,<sma;<x-3^+5j, 

- a? , x^^ ^, x^ ^ Qc^ ixfi 

From these inequalities we get the approximations 

x^ ^a^ 

sma5=a; — iT^; error<^,, 
o ! o\ 

0^ X^ (X^ 

cosa; = l-^+^j; error <g-j. 
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We may now take 

( (X^ flJ* (X^ tX^\ 

^,(a;)=cosa;-(l-2+4^-6-,+8-jj; 

fj^x) is positive, because //(a;) = i^8(aj) = positive quantity. 
The inequalities for sin x thus become 

''-3!+F!>^*>'"-r!+5!-7-<' 
while the approximation is now 

sma;=aj-g-j+g-j; eiTor<y-j. 

In the same way we find for cos x 

- cc* 03* 05®^ ^- a;2 aj4 afi a? 

fl/^ 05* 05^ 05^ 

co8a;=l-^+j-,-^j; error<p 

The general equations for sin 05 and cos 05 may now be 
easily established by induction, but we shall here omit the 
proof. 

If 05 is negative, there is no change at all as regards the 
cosine, because cos 05 is an even ninction of 05 and the 
powers of x are all even. As regards sin 05, we have merely 
to interchange the symbols >, < in the inequalities. Thus, 
let 05= — 05i where 05^ is positive ; then 

05 * 05 05 ^ 

• 05* 05* 05^ 

that IS, — aj+— <— sina;< ""^+3i—5-?' 

05* 05* 05^ 

SO that a.__>.gina;>a;-~+— . 

The approximations remain the same, 05 being replaced in 
the error term by its numerical value x^. 



— m 
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It will be noticed that the approximations are alternately 
in excess and defect. By taking n sufficiently large the 
error can be made as small as we please; because, as is 
proved in example 1 below, the limit of x'^/n\ for n becom- 
ing infinite is zero, so that when n is large the error is 
small. 

The approximations 

sin aj = a; - ^o^, cos a; = 1 — ^a;^ 
are often useful ; even up to an angle of tt/G these approxi- 
mations are very good, and amply sufficient for rough work. 

of* 
Example 1. Show that L — =0. 

n=co W • 

Suppose X equal to or less than the integer m ; then 

7i!~wi! * m+1 " m+2 * ***7i m!\w + l/ 

But a?/(m+l) is a proper fraction, and by taking n large enough we 
can make {a?/(w+l)}""*" as small as we please. 

Example 2. Calculate the sine of the radian to 7 decimal places. 
In the expression for sin a? let ;r=l ; we shall take each term to 
9 places. 

1 = 1- l/3!=0-166 666 667 

1/5 ! =0008 333 333 1/7 ! =0000 198 413 

1/9! = 0-000 002 756 1/111= 0000000 025 

1 -008 336 089 0*166 865 105 

sin 1 = 1 008 336 089 - 0*166 865 105 
=0*841470 984. 

The error is less than 1/13! or 1*6x10"*® and cannot, therefore, 
affect the 7*'' decimal. Nor will the errors from neglected figures in 
the divisions afifect the 7^ decimal. Hence, the sine of the radian is, 
to 7 decimals, 0*8414710. 

This example shows how rapidly the error decreases as n increases. 

Example 3. Huyghen's Bole for the Length of a Circular Arc. 

The rule is as follows : If a is the chord of the whole arc, and h the 
chord of half the arc, then the length {I) of the arc is {Sh-a)lZ 
approximately. 

Let the arc suhtend at the centre of the circle an angle of 6 i*adians, 
and let the radius of the circle he r; then l=rO^ a=2rsini^, 
6=2r8inJ^. We now express sinj^ and sinj^ by means of the 
series for sin a?, putting x in turn equal to\0 and \$. Thus 

h=M\e-\{W-^yh>(W--)- («) 
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Multiply (ii) by 8 and then subtract (i); we thus eliminate 6^. 
Therefore /-o o/k % 

=3?{l-^/7680+...}. 

Hence, neglecting the fourth and higher powers of 6j we find 
^=(86 — a)/3. It may be shown that for an angle of 30* the relative 
error is less than 1 in 100000, for an angle of 45 less than 1 in 20000, 
and for an angle of 60*" less than 1 in 6000. 

TT 7 M Tk xi. i X 1+sin.r— cos^ - 

Example 4. Prove that L -: t=1. 

;e=o sinor+cos^— 1 

If in the fraction we put ,sp=0 we get 0/0, which is an undefined 
symbol. The fraction has however a definite limit. For, replacing 
sin a; and cos^ by the corresponding series, we see that the fraction 

or 1+I^-Jl^+... ^ 

and the limit of this fraction, when x converges to 0, is 1. 

When an expression is not defined for a particular value of .r but 
has a definite limit when a: converges to that particular value, it is 
often convenient to assign the limit as the value of the expression for 
that value ofx. 

EXERCISES. XIII. 

1. Calculate, to 7 decimal places, the cosine of the radian. 

2. Show that, if powers of x above the *J^ are neglected, 

. ^ .2aH» . 1707^ 

[Divide the series for sin ^ by the series for cos^r.] 

3. Show that, if powers of x above the Q^ are neglected, 

a;cot^=l- 3-^-5^. 

4. Show that, if powers of x above the 6*"* are neglected, 

, . ^ . 5:r* . 61^ 
seca;=l + 2-+24 + 720- 

5. Show that, if powers of x above the ^ are neglected, 

6. Find a series for sin^x 

[Note that sin2ar=J(l -cos2a;).] 
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7. Find a series for eacli of the following functions : 

(i) cos^o?, (ii) sin^^, (iii) cos^j:, (iv) sin 3^ cos ^. 

Find the limits to which the functions in examples 8-11 converge, 
when X converges to the value stated. 

or X — sm X 

10. — i -. ; ^=0. 11. (^-:pltan.r; x=^' 

nsmx-amnx \2 / 2 

[In example 11 put ^=j7r-y; then when x tends to Jtt, y tends 
too.] 

12. Show that if 

i4=^+sin^-4sin^j7, 5=3 + cos^-4cosJj7, 
then A = —^:r^+ higher powers of a?, 

B=^X*+hig]ier powers of x, 
and find the limit of A^/B^ for x converging to 0. 



CHAPTER X. 

INTEGRATION OF DIBECT TRIGONOMETRIC FUNCTIONS. 

MEAN VALUES. 

45. Integration of Gircnlar Functions. From the results 
of difFerentiation (§ 42) the following integrals are deduced: 

lsina;c{a; =— eosaj; Isin(aa5+6)cfo3 = — cos(aa;+6); 
IcosoxZa; =sinflj; lcos(aa;+6)daj =-sin(aaj+6); 
I sec^ocdx = tan x ; I sec^((ix +b)dx =- tan(aaj + 6) ; 

lcosec2ajd!a;= — cotaj; \co8ec\(ix+h)dx= — cot(aa;+6). 

We again remind the student of the necessity of making 
himself familiar with the fundamental formulae of trigo- 
nometry ; the difficulties of integration in elementary cases 
are more frequently due to imperfect knowledge of trigo- 
nometry than to the nature of the calculus. 

Example 1. Find the area between the graph of sin^, the ^-axia, 
and that part of the graph that lies between a;=0 and ^=7r. 

Area= / sina7c^= -coso; =(-cos?r)-(-cosO). 

But cos 7r= - 1, cos = 1, so that the area is 2. 

Example 2. Find the centroid (i) of a circular arc, (ii) of a circular 
sector. 

Let OA(=a) bisect the angle B0C( = 2a) and take OA as the ^-axis 
(Fig. 26). In both cases the centroid lies on OA (from symmetry). 
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Let L XOP^ 6, arc AP=8, arc PQ=h8=aWj x= OM=acoa ft The 
whole arc 0AB=2aa, 
(i) For the arc CAB, 

2aa . 5= / OMdk— I a^ cos dd6=^ a^ gin ^ , 

a^ sin 0\ —a^Bma-a^ sin ( - a)= Sa^ sin a, 

because sin ( - a) = - sin a. The lower 
limit of the integral is - a ; when P lies 
between A and (7 the angle 6 is negative, 
and increases from — a to a. Hence 

_ 2a2 sin a a sin a 



But 




2aa 



Si) The area of the sector POQ is ^^6, 
its centroid may be considered to 
X be at (?, where OG=%OP, The moment 
about OF of this elementary sector is 
therefore ^OM, ha^O, or Jo^ cos OBS. 

The area of the sector COB is ^^ . 2a, 
or a^a. Hence, for the sector. 



a^a ,a;= I Ja^ cos Odd = fa^ sin a, 



and 



:r= 



sin^aroKa;. 



gsina 
a 



The integration of powers of sin a? and cos or, when the index is a 
small positive integer, is usually most easily effected by expressing 
the powers in terms of multiples of the angle. Thus, 

sin^a? = i(l - cos 2a;), cos% = ^ (1 + cos 2:r), 

sin^^ = j sin x — ^ sin Bar, cos% = } cos ^ + J cos 3^7, 

sin*a:=f — ^ cos 2^4- J cos 4^, cos*a?=f + ^ cos 2:f+ J cos 4^7. 

In the present case we have 

/ Bin^a:da;= I (^-^cos2^)c?^=^^-Jsin2^ . 

But sin 2a? =0 when x=0 and when a?=7r/2 ; the value of the 
integral is therefore 7r/4. 
(See also Exercises XIV., 40-42.) 

Example 4. Show from graphical considerations that 

(i) / coa^xdx^O; (ii) / cos*a?dIir=2 / cos*xdx. 
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From ^7=0 to ^=7r/2 the ordinates of the graph of cos^^ are 
positive ; from a:—ir/2 to ^=^ the ordinates are negative, but are 
numerically equal (in the reverse order) to the ordinates from ^=0 to 
x=irl% Hence the area represented by the integral is (algebraically) 
zero, so that the integral in (i) is zero. 

In the graph of cos^^, on the other hand, the ordinates are all 
positive (or zero), and their values in the range from ^=7r/2 to x= it 
are equal (in the reverse order) to their values in the range from 
^=0 to a?=7r/2. Hence the whole area represented by the integral on 
the left of (ii) is twice the area represented by the integral on the 
right. 

By considering the graphs of the integrands we can often simplify 
the evaluation of the integrals of trigonometric functions. (See 
Exercises XIV., 22-27.) 

far 
^nmxsiiLnxdXy m and n being positive 

integers. 

We have 

sin mx sin nx^^{QO%{m — 7i)x - cos (m+ w)^} 

when m and n are unequal ; but ii m = n, then 

sin Tax sin nx=^\D?nx = ^(1 — cos 27^3?). 

Therefore, if m is not equal to w, 

r^' . . , r\ {^in (m — n)x sin(m+w)^)"|^' 

/ ^uimx«\nnxdx=\ t:\ — ^^ ^^— — - M* 

Jq L2 I m-n m+n jJo 

=0 

because both sines vanish when ^=0 and when ^=27r. 

If m=n, then 

•^ . . T ri/ sm2nx\'V' 27r 



f^ . . . ri/ Bin^nx\J 



2 ^'^' 



A similar method applies when the integrand is cosm^cosTi^ or 
Binmxcosrix. These integrals find an important application in 
Fourier's Theorem (§ 52). 

Example 6. Calculate j^{a^-x^)dx by means of the substitution 
x=asinu. 

By § 43, example 3, we see that 

\sJ{a^-aP)dx=^a^ \{\ +cos 2w)c?w=^a2(^+ J sin 2«). 

X ^iCoi, — zi7 I 
But isin 2w = sin u cos u=- . ^^ ^ 

^ a a 

so that [^(a2-;r«)da;=Ja2sin-i|+iV(«^-^)- 
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To calculate the (]^^/^zV6 integral / ^{a^-aP)dXj notice that w=0 

Jo 
when 07=0, and u=7r/2 when a:=a; as a: increases from to a, u in- 
creases from to 7r/2. Hence 

/ iJ{oL^-^)dx—^^\ (l+cos2'M)c??*=ja2. 

The definite integral represents quarter the area of a circle of 
radius a, so that the area of the circle is ira^. 

This example illustrates a substitution that is frequently effective. 
Compare Exercises XII., 48-55. As another illustration take the 
following example : 

Example 7. Calculate / -r-. — -r^ 

We have a;'^^-Aa;+lZ=^{x + 2f+^, 

and, by putting 3tan2« for ^+2, we find 

^2+4j?4-13=9 sec^^. 
Also dx=^ZBQchidu^ so that 

/ dx _ [ Z ^Qchidu _ If 2 ^ 

(:r2+4r+13)2""J 81 sec*t* "27./ ^""^ ^^^' 

the value of which is 

1 , , . X 1 ^ _Jx+2\ , 1 ^+2 

-(.. + smt.cos..)=^tan 1(^-3-)+- -,_^-^- 
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Integrate the functions in examples 1-12. 

1. sin 3^. 2. sin(l-^). 3. cos(l-^). 

4. sin — (^+6). 5. cos — (.r+5). 6. sin2(7i^+a). 
a ^ ^ a ^ ^ ' 

7. cos^(nx+ay 8. tan^^. 9. sin^orcos^. 

10. cos^ajsino?. 11. tan^sec^^. 12, cota?cosec2^. 

Calculate the definite integrals in examples 13-21. 

13. fjcoa^xdx. 14. j\m^~dt 15. (Jsm^(t+€)dt 

coB^2xdx, 17. j&m^(nt+e)dt, 18. / coa^xdx. 

Jo Jo 

19. 1 cos*a?c?^. 20. / sin3^cos^c?;r. 21. / cos3a?cos^cKa7, 

Jf> Jo Jo 
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Prove by graphical considerations the truth of equations 22-27, n 
being a positive integer, 

22. / sin"^fl^= / Qo&^xdx, 23. / sin'*a7fl?a?=2 / eml^xdx. 

Jo Jo Jo Jo 

24. / cos**a7da?=2 / cos^^xdx, if w is even. 

Jo Jo 

25. / cos"^cJr=0, if n is odd. 

rar rar y*f 

26. / sin*"a7c^= / co^xdx=4i\ s>w?^xda), 

Jo Jo Jo 

27. / sm^xdx= I co&^**xdx—Akj sin***^c^ (it a positive integer). 

28. Establish equation 22 by the substitution x—\ir-y, 
\dx= —dy\ y=^ when a?=0, and ^=0 when x=^. Therefore 

/ %m^xdx'= - Lcoa^ydy= I cos*^ydy= I cos^^xdx, 
Jo Jy Jo Jo 

See § 31, examples 2, 5]. 

Evaluate the integrals in examples 29-37, employing trigonometric 
substitutions ; see Exercises XII. 48-55. 

29. j^{a^-:xF)^dx, 30. j^ a^ ^{a^ - aP)dx, 31. [\a^-a^)^dx. 



2^+2)2 

38. Find the surface of the prolate spheroid (Exercises IX., 17) by 
means of the substitution ex=^aamu. Deduce the surface of a sphere 
of radius a, 

39. Trace the curve ¥i/^=a^(a^-a^). (The shape is that of the 
figure 8 laid horizontal.) Find the area of a loop of the curve. 

40. Integrate the functions (i)-(iv), using the substitution u=ainx : 
(i) sin^o; cos^ j:, (ii) sin*a; cos^a;, (iii) cos' a?, (iv) cos® 47. 

[sin^o; cos^a7= sin^^ cos^^ cos j:= sin2.r(l - sin2a7)cos x, 

I sin^^ cos^a;c^= / u^{l — u^)du=^u^ — ^u^=^aiD^x — J^sin^o?. 

This substitution is effective when the integrand is sin*"^ cos^-r and 
n is an odd positive integer ; m may have any value.] 
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41. Integrate the functions (i)-(iv), using the substitution u=cosa:: 

(i) cos^^sin^^, (ii) cos*^sin^^, (iii) sin^^i:, (iv) sin^o;. 

[This substitution is effective when the integrand is sin"*^co8":r 
and m is an odd positive integer ; n may have any value.] 

42. Integrate the functions (i)-(iv), using the substitution u^t&n x : 

(i) tan*^, (ii) tan**^, (iii) tan®^, (iv) tan^^^c. 
[tan*^ = tan^^ . (sec^^ — 1) = tan^^ sec^^r - sec^^ + 1, 

so that {\ATi^xdx=\v^ — U'\-x=^ta,n^x--taknx+x, 

Any even positive power of tan^ may be integrated in this way. 
Any even positive power of cot a? (or even negative power of tan^) 
may be integrated by using the substitution u=cotx.'\ 

46. Mean Values. The arithmetic mean of n quantities 

Vv 2/2> • • • yn is (2/1 + 2/2 + • • • + yn)ln. Now, let F{x) be any 
function of aj, and suppose x to vary from a to 6 ; divide the 
interval (6 — a) into n equal parts, each equal to h, and let 
Vv Viy'Vn be the values of F(x) when x is equal to 
a,a+h,... a+(n~-l)h (or b—h) respectively. The limit for 
n becoming infinite (and therefore for h becoming zero) 
of the arithmetic mean of y^, y^y'Vn is called the mean 
value of the function F{x) over the range 6— a. 

This mean value may be expressed as an integral ; for 

n ~ 6-a ' ^^ 

since nh=b~-a. The numerator of the second fraction in 
(l)is F(a)h+F{a + h)h+,..+F(b-h)h 

and the limit of this sum for n becoming infinite is 

[F(x)dx (2) 

Ja 

Hence the mean value is 



M 



Clearly the rectangle M(b — a) is equal to the area re- 
presented by the integral (2). The mean value of F{x) is 
therefore the altitude of the rectangle whose base is the 
interval (6— a) and whose area is equal to that included 
between the graph of F{x), the a;-axis, and the ordinates at 
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the ends of the interval ; we might indeed take this property 
as the definition of the mean value of F(x). 

Example 1. The mean value of the ordinate of a semicircle of 
radius a is 



^ rj(a^ -a^)dx=^a= 0-7864a. 



2a 

In this case the diameter is divided into n equal parts. If however 
the semi-circumference is divided into n equal parts the independent 
variable is the arcaO, measured from one end of the diameter up to 
the point from which the ordinate is drawn ; the ordinate is a sin $, 
and this mean value is, since the interval is ira, 



1 r ' 
— I asi 

Trajo 



2 
sin 0ad6=- a=0-6366a. 

TT 



In speaking of mean values, therefore, it is necessary to indicate 
clearly the independent variable — that is, the variable whose range is, 
in the arithmetical definition, divided into n equal parts. 

Example 2. Find (i) the mean value of the ordinate, (ii) the square 
root of the mean value of the square of the ordinate of the curve 
y=a8in7i^ for the range from ^=0 to t=7r/n — that is, for a half period 
of the function a sin nt 

For (i) we have, since l-=-(7r/w) is equal to n/ir, 



n (n 

- I a 



y 2 

Bin ntat—~a=^ 0*6366o. 

TT Jo IT 



For (ii) the function is y^=a^siD?nt ; the mean value of y^ is 
— / ^ a^Bin^ntdt = -r— / " (1 - cos 2nt)dt 

and the square root of this mean is a/^2 — that is, 0*707 la. 

• This latter value is sometimes called the r.m.s. (root-mean-square) 
value of the ordinate ; the r.m.s. value is of great importance in 
Alternate Current Theory. 

For a complete period, that is, for the range from /=0 to t—^irjn^ 
the mean value of a sin nt is zero, but the r.m.s. value is the same as 
for the half period, namely a//^2. These results are geometrically 
evident. 

47. Integration by Parts. In the evaluation of integrals 
that do not come immediately under a standard form the 
method of change of variable is often effective. There is 
another method which we shall now give, but we shall not 
elaborate it because, for the simple cases we here discuss, it 
can usually be dispensed with. 
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This method of integration by parts, as it is called, is 
deduced from equation (b), § 26. For the moment denote 
differentiation by an accent and integration by a suiBx; 

In this notation, -j-^ = u, by the definition of an integral 

(§27). 

Now, differentiate the product u^v ; this gives 

d(u.v) du. , dv . , 

dx dx ^dx ^ 

Therefore, integrating, we have 

v,^v= \{uv+Ujv')dx= \uvdx+ \u{i/dx (1) 

or lttt;da3 = Ui?;— miv'daj (2) 

For a definite integral we have 

[u{v\ =1 (uv+u^v')dx=\ uvdx+\ u^v'dx, (3) 
-la J a J a J a 

\uvdx = \ujv\ —I u^v'dx (4) 

Jo L Ja J a 

The rule to be obtained from (2) is complicated in ex- 
pression but is easily grasped; it is applicable when the 
integrand is a product 

Example I. Evaluate fa^smjecb:. 

Here we might take either x or sin^ as the factor to be integrated 
(the u), but the integration of ^ raises the power^ and u^t/ would he 
more complicated than uv. Take then sin^ as u. The first step is to 
integrate sin x and multiply the integral of sin x by the other factor, 
which is not altered till the second step. 

Ix&m xdx=x X ( - cos ^) - l(-coax),l,dx 

— -XCOAX+ Icoaxdx 
= — ^cos^+sin^p. 
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Example 2. Evaluate I a^ainxdx. 
Again take sin x for u, 
I a;?28in xdx—oc^ x ( — cos j?) — / ( — cos^) . 2a? . ctr = — ^cos^+ 2 / xco^xdx. 

Now apply the rule again to Ixcoaxdx ; we find 

lxcosxdx=xxainx- Isinx .1 . dx^x sin x+ coax. 

Therefore, substituting for Ixcoaxdx the value now found, we 
obtain -^ 

I a^mxdx= — o^^cos x+2x sin ^+2 cos x. 

The following results, which are deduced by the method 
of this article, but which would take too much space to 
prove, will be often of use ; m and n are positive mtegers 
(see the author's CalcuLua, § 119). 

I sin**a;daj=l cos" ajdaj = -^ ^tt 7r--Xa, (a) 

Jo Jo 7i(n-2)(7i-4)... 



[ 



8in"*a3 cos'^o; dx 



^ (m-l)(m--3)...x(7i-l)(ti-3)... ^^ . 

(m+n)(m+n— 2)(m+ti— 4)... ^ ^ ^ 

where a=l when n is odd, but a=:7r/2 when 7i is even; 
= 1 unless m and ti are both even, in which case j8 = '7r/2. 
Each series of factors is to be continued so long as the 
factors are positive. 

E^^Z. (i) i%in..c^=|f|^M. 

(ii) / coa^xdx = ^ — 1 L - x 1 = 



(iii) jf sin*^ 



7.5.3.1 36' 

3. 1X1 TT TT 



coa^xdx= 



6.4.22 32' 



Example 4. Evaluate / a"* (a^ - a;^)' dx by the substitution ^ = a sin u. 

The integral == a^ f ' sin% co8*w rfi* = a^ \' ^^^/l Z = ^*. 
^ k 8.6.4.2 2 256 
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EXEECISES. XV. 

1. A particle of mass m describes a simple harmonic motion of 
amplitude a and period T-^ show that) the mean kinetic energy for 
the period T is half the maximum kinetic energy. 

The displacement is a?=acos(27r^/7'), and the velocity is 

dx 2'7ra . 2'irt 

the kinetic energy is ^v% and therefore the required mean is 

2. A particle falls freely from rest under gravity ; show that the 
mean velocity with respect to the time of fall is half the final velocity, 
but that the mean velocity with respect to the distance fallen is two- 
thirds of the final velocity. 

3. Show that in a homogeneous liquid under gravity the mean 
pressure-intensity over a plane area immersed in the liquid is equal 
to the pressure -intensity at the centroid of the area. 

4. Find the r.m.s. value of i for a complete period T when 

(i) t=/sin^-^+aj, 

(ii) i=/isin^-^ + aij+/2sin(^-^+a2J, 
(iii) i=/isin(^-^+c4J+/2sin(^-^ + aaj+/3sin^-^ + a3J, 

(iv) 1= f; 7,sin^-^ + opj. 

5. Find the mean value for a complete period T of the product 
ixe when 

(i) i=/sin-^, e=^sin^-^+^j, 
(ii) i=/isin(^-^ + aij+/2sin^-^+a2J, 

6. Ji ^=AQ+AiCoaaf+A^0Q2a:+,,, + AnCO8njff 

+ ^isin 47 + B^in 2^ + . . . + 5„sin no: 

find the mean value of (i) y , (ii) 2y cos r^, (iii) 2y sin rXy as a? varies from 
to 27r, r being any positive integer. 
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Evaluate the integrals 7-14 ; r is a positive integer, a is a fraction. 

7. 1 x&inrxdx. 8. / xsimrxdx, 9. / xcoa rxdx, 

Jo Jo Jo 

10. 1 X COS rxdx, 11. / a^cosrxdx. 12. / ^p^sinr^c^. 

13. / co8cu?cosrj7dp. 14. / sinew? sin r^<£a?. 

Jo .'0 

Write down the value of each of the integrals 15-24. 

15. I aiii^xcLv, 16. I Bit^xdx. 17. I sin^xdx. 

Jo Jo Jo 

18. / cos^^o^. 19. / sm*xdx, 20. jcoa^xdx, 

21. / cos3arsin*^(i;a7. 22. / cos^xain^xdx. 

23. / sin*^co8*^<£a?. 24. / cos^^^sin^^^^cir. 

Find the values of the integrals 25-28. 

25. ra^^(a^-x^dx, 26. (^ xJ{2ax-aP)dx, 

27. j^x^^(2€uv-x^dx. 28. [^ afi^(a^ - x^)dx. 

29. Trace the curve ah/^=a^(2a — x), a being positive, and find the 
whole area enclosed by it. 

30. Find the volume of the solid generated by the revolution of the 
curve a^^=x\2a-x) about the ^-axis. 



O.I.O. 



CHAPTER XL 

FOUEIER SEKIES. 

48. Trigonometric Series. When corresponding values of 
two variable quantities are known it is often possible, by 
plotting the points which have these values as coordinates 
and drawing a fair curve through them, to find the equation 
of the curve and thus to determine the general relation 
that connects the two quantities. We shall now consider a 
different form of the same problem, namely : — ^given a curve, 
find a series of harmonic curves (that is, graphs of sines 
and cosines) which are such that the sum of their ordinates 
for any value of the abscissa will be equal to the ordinate 
of the given curve for that value of the abscissa. In other 
words, the problem is to decompose a given curve into 
harmonic component curvea Arelementary solution of 
the problem for simple cases is given in the author's 
Elementary Treatise on Gfrapha; in the solution we shall 
now give, for curves whose equations are not known, the 
mode of presentation is due to Prof. C. Runge (Zeitschrift 
fur Mathematik und Physik, vol. 48, 443-456) and to his 
article we refer the student for fuller information. 

The analysis, though very easy, will probably be felt by 
the beginner to be tedious ; but he should not, at the first 
reading, worry himself about the proof. The practical rule 
deduced from the analysis (§51) is exceedingly simple and 
gives with the greatest ease the required decomposition in 
all ordinary cases. 

We require the following theorems, proved in any text-book of 
trigonometry. 
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If the angles Ay A+Bj A + 2B,,.,&rQ in arithmetical progression 
with the common difference B, then 

8in^+8in(^ + 5)+8in(^+25)+ ... to 7i terms 

=sin ^i? sin {^+4(71- l)5}-r sin ^5, (1) 

cos ^ +COS (A +5)+cos (A + 2B)+.., to n terms 

=sin^J5cos{^+i(7i-l)5}-T-sinJ5, (2) 

unless B=27r, or a multiple of 27r, when the sums are nsin^ and 
7icos-4 respectively. 

The following applications of (1) and (2) form the essential part of 
the analysis. 

Let ^=*27r/w, and let r, « be positive integers less than ^. 

The sum to n terms of the series 

l+cosr^cos«tf+cos2r^cos2«^+cos3r^cos3«^+ (3) 

is zero if « is not equal to r, but is ^ if a=r. 
Write (3) in the form 

J{l+cos(«-r)^+co82(«-r)^+cos3(«-r)^+...to ?i terms} 

+i{l+co8(«4-r)^+cos2(5+r)^+co8 3(«+r)^+...to rt terms}. 

If s is not equal to r we may apply (2) to each series. For the 
first series let J =0, B=(s-r)0, 

then sin^n5s=sinj7i(« — r)^=sin(«-r)ir=0, 

while sin^^ is not zero. Thus the first series is zero, and similarly 
the second is seen to be zero. 

If s=r, the second series is zero, but each term in the first brackets 
is 1, so that the sum (3) is ^. 

We require also that case of (3) for which r=*=Jw. In this case 
(3) takes the form 

1 +cos2(^^+cos2(2 . ine)+co8^S . in0)+ ... to n terms (3)' 

= 1 + cos V + cos^27r + cos^Stt + . . . to » terms 
=n. 

In a similar way it may be shown that when d—2nrln and r, s are 
positive integers less than ^, 

sin rO sin «^ + sin 2r^ sin ^sO + sin ZrO sin Zsd +.„to{n-\) terms . . .(4) 

is zero, if s is not equal to r, but is ^n if «=r ; 

sin r6 cos sO + sin 2tO cos ^sB + sin ZrO cos 3«^ + ... to (w - 1) terms ... (6) 
is zero, both if s is not equal to r and if »=r. 

To bring (4) and (6) under (1) and (2), let ^=0. 

Let US now suppose a curve to be given, the abscissae 
ranging from a3 = to aj = 27r. The proUem is, to determine 
the values of the coefficients Aq, -4^ A^^ ... B^, B^,... in the 
equation 

y = -4^+-4jCosaj+-42Cos2a3+...+^„cos')ia;+... 

+B^^x+B^Qin2x+...+Bn8mnx+ ..., ...(f) 



I 
I 

J 



if- 
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SO that, for every value of x between and 27r, the value 
of y calculated from the equation shall be equal to the 
corresponding value of y given by the curve. 

The terms A^cosx and jBjsina; are called the first, or 
fundamental, harmonics ; the terms -4 2 cos 2x and B^sin 2x 
the second harmonics ; and, in general, the terms -4„cos nx 
and Bnsin nx the n**^ harmonics. When n is an odd integer 
the harmonics are said to be odd; when n is an even 
integer the harmonics are said to be even. 

We can always find Gn and D^, or On and i)^^, so that, for 
every n, 

AnC08 7lX + BnSin7lX=GnC0a(nX + Dn), 

or, -4„cos Tix + Bnsin tix = Gnsin{nx + D'n) ; 

but it is more convenient for the calculations to keep the 
terms as in (f). 

In general, the series in (f) is an infinite series, and 
where the equation of the curve is given in the form 
y=f{x) the coefficients can be determined by integration 
§52). In many practical cases, however, the equation of 
e curve is not known. In such cases a limited number 
of abscissae, aj^, x^, ,,, is chosen, the ordinates y^, 2/2» • • • *^ 
ajj, Xg* ••• ^^^ ^^^^ off ^^® graph, and the values x^, y^, then 
ajg) 2/2» • • • inserted in (f). We thus obtain as many equations 
as we please ; n equations will enable us to calculate n of 
the coefficients Aq, A^, A^,,.. B^, -Bg, ... and the n terms so 
obtained furnish an approximate solution. 

49. Twelve Equidistant Ordinates. When the number of 
the equations just referred to is large, the calculations are 
laborious ; but by a proper choice of the abscissae Xj, x^, ... 
the work can be simplified. A solution that is very simple 
in practice, and that is also fairly general, is obtained by 
choosing 12 equidistant ordinates. In this case the interval 
from to 27r is divided into 12 equal parts, each part being 
27r/12 or 7r/6. Denote 7r/6 by 6; then the 12 values chosen 
for oj are ^^ q^ 20, 30,... lid; 

the values of y corresponding to these values of x may be 

denoted by y„ y„ y„ y^...y,, 

respectively. 
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From these 12 pairs of values we obtain 12 equations and 
therefore 12 coefficients. We take as the approximate value 
of y, 
y = Aq+ A^cos x+ A2COS2X+ A^coqSx 

+^4Cos4a5+45Cos 6a;+^gCos 6x 
+5iSina5+-B2sin2a;+53sin Saj+^^sin 4a?+-B5sin 5a;.(l) 
Equation (1) may be written more compactly thus, 

y = AQ+^A rcos rx + 2^rSin rx (I') 

r=l r=l 

Now let 80 be any one of the 12 values of x, and y, the 
corresponding value of y ; inserting sO for x, and y, for y 
in (V), we get 

r=6 r=6 

ys^A^+^ArCosrse+^Br^inrse (2) 



Equation (2) represents 12 equations, obtained by giving 
to 8 in succession the values 0, 1, 2, ... 11 ; the equations so 
obtained may be called respectively the first, second, third, . . . 
twelfth of equations (2). The beginner should write out 
several of these in full ; for example, the second equation 
of (2) is 

2/1 =Aq+AjCob O+A^cos 26+A^coa S6 

+A^cos 4i6+A^co& 56+AqC08 66 

+ B^sin 6 + B^8m W + ^gsin 30 + ^^sin 40 + B^ sin 50. 

The principle of the solution is simply this. To obtain 
the value of any one of the letters, say A^^ multiply each of 
equations (2) by the coefficient oi A^in that equation and 
then add the 12 equations thus obtained, putting into 
brackets the twelve coefficients of each of the letters 
Aq, A^, A^ — It will be found, by §48, equations (l)-(5), 
that every coefficient except that of the selected letter 
will vanish, while the coefficient of the selected letter is, 
by § 48 (3), (3') or (4), either \n or n, that is, in this case 
6 or 12 ; when the selected letter is A^y the coefficient is 6. 

To obtain A^, the coefficient of which is simply unity, 
add all the equations (2) ; we find 

12^0=2/0+2/1 + 2/2+ •••+2/ii = 2y* (3) 
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In this case the coefficient of every letter other than A^ 
vanishes bjr §48 (1) or (2> 

To dbftain A^ maltiply the first of eqnaticHis (2) by 1, the 
second by cos 6d, the third by cos 12d ... and then add ; we 
find (§48 (30), 

which may be written 

12ile=2y/»8 8x. (4) 



Notice that this is the case of §48 (3^; 6=^n, n being 

here 12. Also 60=^, so that oo860= —1, cos 120=1, 

The coefiicient of every B vanishes by § 48 (5)l 

To obtain -4,, where r=l, 2, 3, 4, 5, multiply the first 

of equations (2) by 1, the second by cos rd, tiie third by 

C08 2rd, ... and then add; we find 

#=11 

QAr^yo+y^cos rO+y^coa 2r0+ ... = ^ y/xysrsO. ...(5) 

«=o 

In this case the coefficient of every A, eoccept the one 
selected, vanishes by § 48 (3), and the coefficient of every B 
vanishes by § 48 (5). 

To obtain Br, where r=l, 2, 3, 4, 5, multiply the first of 

equations (2) by (the coefBcient of every B in the first of 

(2) is zero), the second by sinr0, the third by sin2r0, ... 

and then add ; we find 

«»ii 

6Br=yiBm r6+y^iii2r6+... = ^ y«sin raO. (6) 

«=i 

60. Siinplificatioiifl. The values found in equations 
(3)-(6) of § 49 can be greatly simplified ; it should first be 
noted that A^ is the arithmetic mean, or the average, of 
the 12 ordinates. 

We can group together y^ and y^, y^ and y^^, y^ and y^ 
y. and y^ y^ and y^ ; in each pair the sum of the suffixes is 
12. For, remembering that = 7r/6, we have 

Ilre^l2r0-re = ^rir - rd ; lOr0 = 2r7r - 2r0 ; 

9re = 2r7r - 3r0 ; 8r0 = 2r7r - 4r0 ; IvB = ^nr - brS. 

Therefore in (5) the coefficients of y^ and y^j, 3/2 ^^^ 
y^Q, . . . are equal, while in (6) these coefficients are numeri- 
cally equal but of opposite sign. 
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The terms y^y y^oo^QrO do not come under the group- 
ing ; the term j/^in QrQ is zero, so that y^ disappears from 
the value of Br- 

Take now the notations 

2/1-2/11 = ^1' 2/2-2/10 = ^2' 2/8-2/9=^8' yA-yS=K 2/6-2/7 = ^6' 

and also for symmetry, yo=cbo> 2/6=^6* 
We now obtain if r=l, 2, 3, 4, 5, 

«=0 »=1 

while, 12Ao=^a, (9); 12 A^== ^a fioe air... (10) 

«=o »=o 

But the terms can be still further grouped. When r is 
odd, r = 1, 3, 5, we have 

cos6r0=— 1; cos5r0= — cosr0; 

cos4r9= — cos2r0; cos3r0=O; 

sin5r0 = sinr0; sin4r0=sin2r9; sin3r0=sin3rft 

When r is even, r = 2, 4, we have 
cos6r0=l; cos5r0=cosr0; 

cos4r0=cos2r0; cos3rfl=cos3r0; 
sin 5rd = — sin r d ; sin 4 r0 = -• sin 2r6 ; sin SrO = 0. 

Take now the notations 

«0+^6 = ^0' ^1 + ^6 = ^1' «2 + ^4 = ^2' «3 = % 
^0""^6 = ^o'' ^ — «^6 = Cl'' <*2 — ^4 = <'2'* 
^1 + ^6 = ^1' ^2 + ^4 = ^2' ^8 = ^8' 
6l — &6 = ^'' ^2 — ^4 = ^2'- 

The formulae become 

r odd, r=l, 3, 5; 6Ar=CQ+Ci'co&r6+C2CO&2r6, (11) 

6Br = disin re + d^ia 2rd + dgsin SrO. . .(1 2) 

r evcTi, r=2, 4; 6Ar=CQ+c^eoard+c^cos2r6+c^coa3rd,(lV) 

6Br=-d^'ainrd+d^'Bm2re; (12') 

while for r=0, 6, we have 
12 A^=c^+c^+c^+c^... (13); 12^^=Cp-Ci+Cj-C3....(14) 
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The only acute angles required for the evaluation are -tt/G 
and 7r/3. By giving to r its various values we find that the 
coefficients are given by the equations 

12ilo=(co+C2)+(Ci+C3); 12ile=(Oo+C2)-(Ci+C3); 

6^2=(^o-K)+(K-^3); 6^4=(<^o-K)-(K-c8); 

6 JS3 = (ij — c?3. 

When thus reduced, the calculations are extremely 
simple; the only calculation that is not easy to effect 
mentally is the multiplication by s/S/2. The terms 6-4 ^ 
and 6J.5, 6A2 and 6A^ ... are obtained respectively as the 
sum and the difference of the same terms. In the next 
article we give Runge's scheme (slightly altered), which 
enables the solution to be effected with great ease in any 
particular case. 

51; Bunge's Scheme for Solution. First write the ordinates 
so that 2/0, 2/1, .. . y^ are in a row and 2/7, 2/8» • • • 2/ii ^^ another 
row, placing the pairs y^ and j/u, y^ and y^Q, y^ and 2/9 ... in 
the same column. Then add and subtract; when there is 
only one term in a column it appears only in the sum. The 
arrangement is then as follows : 

2/o> Vv y^y ys» Vv 2/6> 2/6 

Viv yio> y9> y%y Vi 

Sum a^y a-^y a^y a^, a^, a^ a^ 

Difference h^, h^, \y 64, 65 

Here a^ = y^, a^ = yi+ 2/n, &i = 2/i - yiv^- • • • In writing the 
rows, we continue the first row till y^ is reached ; then we 
write 3/7, 2/8, .. . from right to left, placing 2/7 under 2/5, and 
Qontiuue till y^^ is reached. 
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We next find the c's and d*8 in the same way. 

d/, d^ 



CtQy O-J, (Xg, (X3 



Sum 
DifF. 



/ 



'i» 



^0 > ^1 > 



'2; 
'2 



'8 



Sum 
Diff. 



(2 



8 



Having calculated the c s and d'&, we arrange the 

equations for finding the coefiBcients Aq, A^,.., of the cosine 

terms as follows : 

Cosine Terms. 



r 


Oande 


land 6 


2 and 4 


8 




Co j Cl 
C2 \ C3 


Co i 2 Ci 


Co 


¥1 
-C3 


<-c/ 


1st Column - 
2nd Column - 










Sum of Cols. - 
Diff. of Cols. - 


12^0 
12A^ 


6A^ 
6^5 


6Ai 
QA^ 


6^3 



Thus, to find -4^ and A^ take the division headed 0, 6 ; 
add the terms in the first column, getting Cq+c^] add those 
in the second, getting c^+Cg; then the sum of these two 
results, namely (Co+ 62)+ (C1+C3), is the value of 1 2-4 q, while 

the difference, namely (^o +^2)^(^1 "I" ^s)* ^^ ^^^ value of 12 A q, 
In the same way the other coefficients are found. 

There is a similar form for the coefficients -B^, ^2 • • • ^^ 
the sine terms. 

Sine Terms. 



r 


1 and 5 


2 and 4 


8 






• 

\/3^ / i n/3^ , 
2^ i 2^ 


d^-d. 


Ist Column 
2nd Column - 








Sum of Cols. - 
Diff. of Cols. - 


65, 


6^2 
6^4 


65, 
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The following example will show the simplicity of the 
solution. 

Example, Let the ordinates be 13, 18, 20, 18, 10, -1, -10, -14^ 
-15, -H -10, 3. 

13, 18, 20, 18, 10, -1,-10 
3, -10, -14, -15, -14 

Sum 13, 21, 10, 4, - 5, - 15, - 10 (a) 
Diff. 16, 30, 32, 25, ' 13 (6) 

13, 21, 10, 4 
-10, -15, -5 

Sum 



15, 30, 32 
13, 25 



5, 6, 4 (p) 
\ 15 \<f) 



Sum 28, 55, 32 {d) 
Diff. 2, 5 (rf') 



3, 6, 
Diff. 23, 36, 

The letters (a), (6), (c)... at the end of the rows suggest that the 
numbers in these rows belong respectively to those denoted in the 
scheme by a's, 6's, c*s, .... 

Cosine Terms. 



r 


and 6. 


1 and 5. 


2 and 4. 


3. 




3 1 6 

5 1 4 


23 31-2 
7-5 


3 i 3 

-2-5 i -4 


23 - 15 


1st Col. 
2nd Col. 


8 
10 


30-5 
31-2 


0-6 
-1 




Sum 
Diff. - 


18=12^0 
-2 = 12/(e 


61-7=6^1 
-0-7=6^ 


-0-5=6.^2 
1-5=6.^4 


8=6^3 



Sine Terms. 



r 


1 and 6. 


2 and 4. 


3 




14 i 47-6 
32 1 


1-7 ! 4-3 


28-32 


1st Col. 
2nd Col. 


46 
47-6 


1-7 
4-3 




Sum 
Diff. - 


93-6=65, 
-1-6=6^6 


60=6^2 
-2-6=6^4 


-4=6^3 
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Hence 

Ao=l'6, ^1 = 10-3, A2=-0% ^3=1-3, ^4=0-2, ^6=-0-l, ^6= -0*2, 

^i==16'6, B^^VO, ^3= -0-7, ^4= -0-4, B^=-OS 

where the values are given to only one decimal place. 

The method of verification stated in Exercises XVI., 5, is worthy of 
notice. 

52. Fourier's Series. The solution stated in § 51 will be' 
found suflScient for most of the cases in which a curve has 
to be analysed into harmonic components by means of a 
limited number of selected ordinates. It is not hard to 
work out formulae when instead of 12 we have, say, 36 
ordinates, though the arithmetic is certainly tedious. (See 
Exercises XVI., 6.) 

We shall now suppose that the equation of the curve is 
given in the form y=f(x). Let the interval from to Stt 
be divided into (2n+l) equal parts, each part being 
27r/{2n+l). Denote 27r/(2n + l) by 6; then the (2n + l) 
values of x will be 

0, 0, 20, 30,...2n0; 

and the values of y corresponding to these values of x are 

/(O), /(0), /(20), /(30), . ..f(2ne\ 

or, for brevity, y^y y^ y^y yg, ... 2/2n. 

Assume as equation for y 



vn r^n 



y = A(^+ y^ilycos nc+ y]BfSiii rx, (1) 

r=al r=l 

in which there are {2n+l) coeflScients Aq, A^, J g, . . . ^j, ^g* • • • • 
By exactly the same analysis as in § 49, we find 

— o — ^r = Zj Vscosrsd; . . .(2) — 5 — Br = 2j 2/*8m rs0; . . .(3) 

asSn 

(2%+lMo=Sy. (4) 

We shall now find the limit of these expressions for n 
becoming infinite. 

Multiply each side of (2) by 27r/(2')i+l) or 0, and write 
/(sd) for y, ; we thus obtain the equation 

<=2n 

ir^,=y;/(8e)cosr8e.ft (2') 
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Now, let 80 = u, {8+l)6 = u+Su, so that 6 = Su; when 
8 = 0, u = 0, and when 8 = 2n, w=2n6=2Tr—6, Equation 
(2') now becomes 

M=2ir-tf 

TrAr=^f(u)coarwSw (2") 

tt=0 

But when 7i becomes infinite, 6 becomes and the sum 
in (2") becomes a definite integral with respect to u, from 
u = to u = 2'7r. Therefore 

irAr=' I f(u)eoBrVfdu (5) 

In exactly the same way we find 

r2ir r2ir 

7rBr=\ f(u)&inrudu..,(6); 27rAQ=\ f(u)du. ...(7) 
Jo Jo 

The sum on the right hand side of (1) is now an infinite 
series, called Fourier's series, and the values of the coefficients 
are given by the integrals (5), (6), (7). 

We may however obtain the coefficients without going 
through the analysis just given. In the first place observe 
that 

c(^rxcos8xdx = 0, if 8=\=r, I smrxsinsxdx^O, if 8=\=r, 
=7r, if 8 = r; Jo ='7r, if s = r] 

{2ir ^ r2ir r2n 

COS rx sin 8xdx = 0; I cos rxdx = 0=\ sin rxdx. 
Jo Jo 

These results are proved, as in § 45, example 5. 

Now to find Arj multiply equation (1) by cosnc, the 
coefficient of Ar, and integrate both sides from to 27r. 
The integral of every term on the right, except that which 
contains Ar, will vanish because each term gives an integral 
of the type just written down. The term that contains Ar 
is ArCOBk^rx, and the integral of this is irAr. 



•'I 



C2ir 



Hence I fix^cosrxdx^TrA 



■r> 



which is the same equation as (5). Of course, the definite 
integral is the same whether the variable of integration 
is a; or u. 
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In the same way we find Br, by multiplying both sides 
of (1) by sin rx, and integrating from to 27r ; we find Aq 
by simply integrating each side of (1) from to 27r. 

Example 1. Find the values of Aq, A^, A^^ ... B^^ B^ ... if 

x—Aq-\-AiCo^x+A2Co»^+ ... +Bi%uix+B^\n.^+ (i) 

where the cosine series and the sine series are each continued to 
infinity. 

In this ca8e/(a;)=a?. To obtain A^^ integrate each side of (i) from 
to 2ir ; therefore 

I xdx= I Affitx^ or -40=7r. 

The integral of ^jcos^r, ^2^^^^) ••• i^ zero, so that only the integral 
of Af^ is left. 

To obtain Ar^ where r has any one of the values 1, 2, 3, ... , multiply 
each side of (i) by cosra? and integrate from to Stt. (If r=l, we 
multiply by cos:p ; if r=10, we multiply by cos 10^ and so on.) Now 

[^ , r sinro? . co8ra7"f ^ 
/ xcQ»rxdx—\ XX 1 — ;^— J =0. 

The integral of the right side of (i) after multiplication by cos rx is 
irAr ; therefore 0='jrAr or Ar=0, 

Hence no cosine term occurs in the series. 

To obtain Br, multiply each side of (i) by sin rx and integrate from 
to 27r ; we find 

n f^ ' 7 r —coarx . sinrx'V' 27r 
'7rBr= j xauirxdx=\xx 1 — z^j = > 

and therefore Br= — . 

r 

Equation (i) now becomes 

^=7r — Tsin;r — jrsin2a7-;rsin3a7-- ... — ainnx— (ii) 

12 3 n 7 \ / 

^/sinj? sin2:r . sin 3^ . . ainnx \ 
or, ^=^_2(^-^+-^ +__ + ...+__ + ... j. 

It is interesting to compare this solution with that obtained by the 
method of § 61. The 12 ordinates are 

^ TT 27r Stt llrr 

"' 6' "6' T' •" "6~' 
and it will be found that 

A -— A -A —A "A -A -^- A -- — 

B,= -?i^,r = - 1-95, ^2= - ^TT = - 0-91, B,= -|= -0-52, 
5,= -^^= -0-30, B,^-^^ir^ -0-14. 
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These values for A^^ B^, B^, B^ B^^ B^ are fair approximations to the 
values given in (ii), but it will be noticed that cosine terms appear 
with five coefficients equal to - 0*52 and one equal to - 0*26. 

Example 2. Find the value of the series 

l""J + J""^+J--"A:+*«« to infinity. 
Write equation (ii) of example 1 in the form 

TT *~ ul7 

^— =sin4?+ J sin 2^7+ J sin aa?+ J sin 4^7+ ... . 

Now let ^=7r/2 ; when the an^le is an even multiple of a: the sine 
will be zero, but when it is an odd multiple of a; the sine will be + 1 
or -L The sine will be +1 when the multiple is 1, 5, 9, ... but -I 
when the multiple is 3, 7, 11, .... 

Also when x = 7r/2 we have (tt - ;r)/2 = 7r/4. Therefore 

63. Validity of the Fourier Series. The discussion of § 52 
suggests that, for values of x from a3 = to x = 27r, a func- 
tion f(x) can be represented by an infinite series of the form 

r=oo r=oo 

f(x) = AQ+^A/x^rx+^Bfamrx (1) 

where Aq, Ar, Br have the values given in § 52. A rigorous 
proof of the suggestion is, however, too difficult to be given 
here; but we shall state some restrictions that must be 
remembered in applying the theorem. 

(i) The function f(x) is to be single-valued, finite and, in 
geTieral, continuous. Li other words, the graph oif(x) must 
have only one ordinate for each value of the abscissa (a 
parallel to the y-emis must cut the curve in only one point); 

no ordinate must be infinite ; and 
there must be no break in the 
curve (§ 10). 

We say that the function must 
be in general continuous; but 
certain kinds of breaches of con- 
tinuity may occur, of which the 
most important is that shown in 
Fig. 26. Here, the ordinate at 
x=OA=a is equal to AB when x 
approaches a from the left, but is equal to AC when x 
approaches a from the right. The value of the series on 




r 
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the right of (1), when aj = a, is in thiis case neither AB nor 
AG, but is half the sum of AB and AC, 

(ii) Equation (1) is only true, in general, for values of 
X between and 27r, The series in (1) is a periodic ftinction 
of X, the period being 2Tr ; that is, the value of the series 
is the same for x equal to x-. + 2'n', x.±4iir, ... as for x^x.. 
The complete graph of the series coiSsts of the grai,h of 
the poriiion from aj= to cc = 2'7r and its repetitions infinitely 
often, to the right from 27r to 47r, from 47r to Ott, ... and to 

the left from to — 27r, from — 2*^ to — 4'7r, Hence, 

unless f(x) is itself a periodic function with period 27r, the 
function on the left oi equation (1) will not be equal to the 
series on the right except for values of x between and 2ir, 

For instance, the function a? in § 52, example 1, is represented by a 
straight line of unlimited length A OB (Fig. 27). The series on the 
right of equation (ii), on the other hand, is represented by the portion 
OC and its repetitions DE^ RK^ etc. 
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4ir 
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Pig. 27. 

(iii) If /(O) and /(27r) are not equal, the series in (1) is 
nxk equal tof{Qi) when a; = 0, nor to f{2ir) when x = 2'7r, but 
is equal to half the sum of f(0) andf(27r) both when x = 
and when x = 2ir. Thus, in example 1 of § 52, every term 
of the series in equation (ii) (except the first, which is 
equal to ir) is equal to when x = and when x=^2ir\ the 
value of the series for these two values of x is therefore tt. 
But when a; = the function x is 0, and when x — 2Tr the 
function x is 27r. For these values of x, therefore, the 
series and the function are not equal ; the series is equal to 
TT, which is half the sum of the values and 27r of the 
function. 
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54. Change of Origin. It is often convenient to suppose 
that X varies from — tt to tt, instead of from to 27r ; the 
range of x is still 27r. Graphically considered, the origin 
of coordinates is simply shifted to the point (tt, 0), and 
therefore x is replaced by oj + tt. It is, however, simpler to 
work out the values of the coeflScients afresh. 

Let /(«;) = ilo+ ^ Jycos ra;+ ^ ^ysin rx (1) 

r=l r=l 

where x now varies from — 'tt to tt. 

To find the coefficients proceed exactly as before, but 
integrate from — tt to tt. We find 

TcAr = I /(aj)cos nccZa;.. .(2) ; irB^ = I /(a5)sin rxdx . , .(3) ; 

J —n J —w 



2irA 



,^t'f(x)dx (4) 



Note that if /( — 7r)=|=/(7r), the value of the series in (1) 
is equal to J{/( — 7r)+/(7r)} both when x=-'7r and when 
a; = 7r. 

Example. Suppose /(^)= a;. It will be readily found that 
-4o=0, -4^=0, Br= -2cosnr/r, so that 



Hence 



Br=- if r is odd, Br= — if r is even. 

T T 



^f ema; sin 2^ sin 3^ sin 4a? \ 
^-^V"l 2"+""3 4"+-/ 



When 07= - TT the function a? is — tt, and when a?=7r the function x 
is TT ; the value of the series should therefore, both when x— —tt and 
when a7=7r, be 4( — tt+tt), that is zero, and this is obviously the case. 

This series for x is not the same as that in § 52. The reason is, 
that in the two series the range of x is different. In § 52 we must 
have 0<^<2^, while here we have -7r<x<7r. This series may, 
however, be derived from that in § 52 by replacing x in equation (ii) 
of that article by a7+:r. 

65. Sine Series and Cosine Series. The value of irAr 
given by equation (2), § 54, may be written 

irAr = I f(x) cos raj(i» + 1 f(x) cos rxdx. 
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In the first of these integrals put — u for x. Then u^tt 
when fl5=— TT, and u = when x = 0; also /(aj)=/( — u), 
cos rx = cos ru, c?ic = — du. Therefore 

fro fir 

f(x)cosrxdx= — i f(—u)cosrudu=\ f('-u)co8rudu. 

In the last integral we may write x in place of u ; the 
value of TrAr now becomes 

'n-Ar= I /(— a;)cos rxdx+ 1 f(x)cos rxdx 
Jo Jo 

= {f(x)+f(-x)}coarxdx (5) 

Jo 

The same transformation gives for irBr, ^ttAq of § 54 

'7r-By=l {f(x)'-f(^x)}8inrxdx, (6) 

Jo 

2x^0= \'{f(x)+f(-x)}dx (7) 

Jo 

Now, suppose f(x) to be an even function of x, that is, 
suppose that /(— a5)=/(a;) (the function changing neither 
in sign nor in numerical value when x changes sign) ; then, 
the integrand in (6) is zero and Br is zero, while the 
integrands in (5) and (7) become 2f(x)co8rx and 2f(x) 
respectively. Therefore, dividing each member by 2, 

j^ily= I f(x)coBrxdx,,,(S)] 7rAf^=\ f(x)dx. (9) 

^ Jo Jo 

Next, suppose f(x) to be an odd function of x, that is, 
suppose that/(— 05)= —fix) (the function changing in sign 
but not in numerical value when x changes sign) ; Aq and 
At are now zero while for Br we have 



.f GVXV^ XXV/ TV £JI%^1.\J ^^ LXXXJ^ l.\Jl. J^f 



TT (^ 

-Sy=| f(x)smrxdx (10) 

^ Jo 

It should be noticed that the values of Arin (8) and Aq 
in (9) imply that f(x) is given by a series of the form 

r=oo 

f(x) = AQ+ 2 A^OQvx (11) 

r=l 
G.I.C. K 
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in which there are no sine terms. The series (11) is a 
coEdne series, and f{x) need only be defined for a half period, 
that is, from aj = to a? = tt. The value of the series when 
X lies between and — tt is the same as for the correspond- 
ing value of X between and tt. The value of the series 
when aj = is /(O), and when aj = 7r is /(tt); that is, the 
series and the function /(cc) are equal both when a: = and 
when a; = '7r. 

Similarly Br, as given by (10), is the coefficient of sinra? 
in the series ^=0^ 

f(x)= 2 SrSinrx (12) 



r=l 



in which there are no cosine terms; the series (12) is a 
sine series. The value of the series when aj=0 is obviously 
0, and when fl5 = 7r is also 0; the value of the function /(a?) 
is not necessarily zero for a; = and x = 7r. 

We may note that Ar may be found from (11) by multi- 
plying by coarx and integrating from to tt, and Br may 
be found from (12) by multiplying by sin rx and integrating 
from to X. In practice it is usually better to find the 
coefficients in this way than to apply the formulae which 
give their value. The method, however, by which the 
results in this article and in §54 have been deduced has 
the advantage of showing their connection with the theorem 
of § 52. When the function is defined for the whole period 
there is only one series that represents it; but when the 
function is only defined for the half period, there are two 
essentially different series for the function, namely the sine 
series and the cosine series. As a matter of fact, when the 
function is only defined for the half period we can find 
many series to represent it, but the sine and the cosine 
series are the only two that are of much importance. 

56. Worked Examples. We shall now work out some 
examples illustrating the various formulae. The student 
should always keep the following peculiarities in mind. 

(i) If the function /(a?) is discontinuous when ajs=a (in the 
way stated in § 53, (i)) the value of the series when x = a 
is half the sum of the two values oif(x) when x = a. 

(ii) If the range of x is from to 2^ (§ 52) the value of 
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the series, both when x=0 and when a;=2'7r, is 

H/(0)+/(2x)}. 
Therefore, unless f(2'7r)=f{0)y the value of the series and 
the value of the function are not the same, either when 
33 = or when x = 27r, 

(iii) If the range of x is from — t to tt (§ 64) the value 
of the series, both when flj=— tt and when aj = '7r, is 
i{fi'^''^)+f ('"')}- Therefore, unleaa /( — 'T)=/(7r), the 
value of the series and the value of the function are not the 
same, either when 05= — tt or when x^^ir. 

(iv) If the range of x is from to tt, the function is only 
defined for half the period. In this case the function may 
be represented either by a sine series or by a cosine series 
(§55). The sine series is zero both whenaj = and when 
aj==7r; therefore the sine series will not be equal to the 
function for these values of Xy unless the function is itself 
zero for these values. The cosine series, on the other hand, 
is equal to the function both when x=0 and when x = '7r. 

Example 1. Let f{x)=x from ^=0 to x^irj^ but let f(x)='jr—x 
from d7=7r/2 to ^=ir. Find a sine series torf(x). 

The graph of /(a?) is the broken line 0^5 (Fig. 28) ; along OA the 
ordinate is equal to x, but along AB the ordinate is equal to tt - ^. 




In evaluating the integrals in a case like this we must divide the 
range of integration inte parts corresponding to the different ex- 
pressions foT/(x), In the present case we have 



^ J5r = / X sin rxdx + / (tt - a?) si 
2 Jo J^ 



sin rxdx. 



But, integrating by parts, we find 



/ 



XBinrxcix— 1 — -^ » 
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and therefore 



X sin rxdx =--77-cos-77+-o8in-Tr-> 
2r 2 r* 2 



/ (tt— a?)sinncd[a7= / tr^MLrxdx- I xsinrxdx 



I 

=|:cos?^+-lsin^. 
2r 2 r2 2 



Combining these results, we obtain 



V 



TIT 



TV 



^5,=^sm-^, or, ^,=— asm-g , 

so that ^r=0 when r is even, but Br=±4:/7n^ when r is odd. The 
sign is + when r is 1, 5, 9, ... and - when r is 3, 7, 11, ... . Hence 

-^ y^Af ainx sin 3a? , sin 5^ sin7^ , \ ^.v 

f\^)'~'ZL\~~^ q2 f" 52 i?! »*•.. I vV 

The series in (i) is therefore equal to x from x=0 to ^=7r/2, but is 
equal to ir — a: from a?=7r/2 to x=7r; the series is equal to the function 
both when x=0 and when a?=7r. When x is negative, 

sin rx= — sin ( — ro?) ; 

therefore, when x is negative, the series is equal to x from ^=0 to 
J7 = — ^/2, but is equal to -(ir-i-x) from x=- ir/2 to - ir. For instance, 
when 07= — 27r/3 the series is equal to -(7r-27r/3) or — ir/3. 

From (i) we deduce a remarkable series by putting d7=ir/2. When 
a?=7r/2 the function y*(^) is also 7r/2, and therefore 

52 *j'i'^'")^ 



7r\l2 



32 



or. 



IT* 1 1 1 1 




The student should test, by plotting the graph of the series, that 
its graph coincides with the broken Tine ; a few terms give a fair 
approximation. In Fig. 29 we show the graph of 



a/=-l 



4 /sin 07 sin3o7 . sin 607 sin7o7 



12 



32 



62 



7« 



> 
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Eofample 2. Find a cosine series for a^. 

Integrating by parts, we find 

TT . /*' o J Va^^mrx . 2^cosr:r 2sinra;T 
-^Ar=j^ a?<^r:odx=\—j—+—^ ^5— J^, 

and therefore 

TT . _ 2ff-co8nr . _ 4cosnr 

Also, itAq^I a^dx=-^y ^^o^s"' 

Hence, 

o_^ ./ cosj? cos2j7 cosSj? cos4a7 \ ^.v 

Equation (i) is true both when x=^0 and when a7=ir ; it holds in 
fact from x= -ir to x=ir, the values -tt and ir included. 
In (i) put first 07=0, then x=Tr \ we find 

7r2 1 1 1 1 
J2=r2~22"^32"-p"*''"*^^^^°^^y» (^^) 

■6=f2+22"^32'*"4?"*'*"^^°^°^^y ^^) 

By addition of (ii) and (iii) we deduce series (ii) of example 1. 

Example 3. Find a sine series that will be equal to 1 from a;=0 to 
x^irl^y Dut equal to from x=Tr/2 to x=7r. 



Y 

A 



nB 



S SL_ 

2 

Fig. ao. 

The graph of the function f(x) consists in this case of the two 
straight lines AB, CD (Fig. 30); AB is parallel to the j7-axis at a 
distance 1 above the axis, while CD is a part of the o^-axis. The 
length of each line is 9r/2. 

because the second integrand, and therefore the second integral, is 
zero. Therefore 



5r=|(l-co8^); 
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Br=0, when r is 0, 4, 8, ... 4w, n being any integer ; 

2 
Br= — , when r is 1, 3, 6, ... 2n — l. 

TIT > ' > 7 



4 

Br=—j, when r is 2, 6, 10, ... 4w-2, 

Hence we have 

-, V 2/sin^ . 28in2a? . sin3a? . sin5^ .2sin6a7 . \ ,.v 

/W=^i-l-+-T-+^-+-5-+— 6— +"7 ^'^ 

When a;=ir/2y the series in (i) is equal to 

|(i-JH-H...)=|xH, 

by § 52, example 2. The two ordinates at ^=7r/2 are CB, which is 1, 
and the ordinate of CD, which is 0. The half sum of these is ^, so 
that the statement of the value of the series at a point of discontinuity 
is verified for this case. 

The student will find it an interesting exercise to draw the graph of 
the series in (i) and to notice how, as more and more terms oi the 
series are taken, the graph near ^=7r/2 becomes steeper and steeper. 

Example 4. Find a series for f{x) when /(^)=0 from x= -ir to 
x=Oy a,ndf(x)=x from x=0 to ^=7r. 

In this example the function is given for the whole period, and 
therefore there can be only one series ; we use the formulae of § 54, 
decomposing the integrals to suit the different values oi/{x) in the two 
parts of the range. 

irAr= I O.coarxdx+ I xcoarxdx^— 



7rBr= j 0* sin rxdx-{- I xsuirxdx= — 

J -r Jo 

0.dx+ I xdx=-^. 



TTCosnr 



Therefore, Jq— W^J -4^=0 when r is even, but —2/Tn^ when r is 
odd ; Br^l/r when r is odd, but - 1/r when r is even. Hence 

// \—'"' ^/^ cos^ , cos 3^ , cos 5a? , cos 7^7 , \ 

. /sin X sin 2x , sin 3a? sin 4^ . \ ..v 

Both when a?= — tt and when x=7r the series in (i) is equal to 

4"^7r\l2"*"32"^52"^-y~4"*"7r' 8~2' 

by example 1 (ii). But when x—^ir, f{x)=0 and when x=ir, 
f(x)=7r ; so that i{/(-ir)+j^(jr)}=Jir. We thus verify for this case 
the statement (iii) at the beginning of this article. 
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57. Period any given Number. Up to this stage we have 
supposed the period to be 2^. A function /(a;) is said to 
have the period a ii f(x±na)=f(x), where n is any positive 
integer. If the function to be represented has the period a, 
or if, without being periodic, it is to be represented by a 
Fourier series of period a, the angle will be ^irxja instead 
of X. For, if n is any integer 

. 2Tr(x±na) . 2Trx 2ir(x+na) ^irx 
gin i^^:^: ^ = Sin , COS — ^^-= — ^ = cos- . 

a a a a 

The form of the series is now 

f{x)^A,+f^A^s^+f,B^in^ (1) 

To obtain the values of Aq, Ar, Br we proceed as before, 
but the limits of the integrals will be and a, instead of 
and 2'7r, — -J^a and ^a, instead of — tt and tt, and ^a 
instead of and tt. 

For example, the formulae (5), (6), (7) of §52 are re- 
placed by 

|^r=J^/(a;)cos-^da; ...(2); |-Br=J f(x)sm-^^dx...(3); 



0= f(<x^)dx. 
Jo 



Jo 

In fact, in the coefficients Aq, A^ Br in the previous 
formulae, the former half period tt is replaced by the new 
half period a/2 while the angle x is replaced by 2Trx/a. If 
a = 27r, the new formulae reduce to the old. 

All that has been said as to discontinuities, value of 
series when x= --tt and when x = 7r, etc., holds good; thus, 
the value of the series in (1) above, when x = and when 
aj = a, is i{f(0)+f(a)} if the range of x is from to a. 

Example, Find a sine series that will represent 1 from ^=0 to 

This problem corresponds to the previous case of a sine series in 
which X varies from to tt ; c is the half period, so that here a=2c. 
Putting therefore 2c for a in (1), and retaining only the sine series, 
we write 

/(*)= T 5,siD^. (i) 
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r5^sin2^c^=ii?r (Yl-cos^^^^ ]oLc=^^Br 



Now multiply both sides of (i) by sin (irra^/c) and integrate from 
to c. After integration all the terms on the right of (i) vanish except 
that containing jB„ which gives 

27ryvg\ , _£ 
c I "~2 

Remembering that /'(^)=1, we see that the integral of the left 
side of (i) is 

I l.sm da;=\ cos = — (l-cosr7r), 

2 
and therefore J5r = — (1 - cos rTr). 

Hence , 4 / . wo? . , . Stt^ . , . frnx . \ ,..v 

1 =- (^ sin V"*"*®"^""*"*®^^ "■'■•••; ^^ 

The series is zero both when ^=0 and when x=c^ and is therefore 
not equal to the function for these values of x. 



EXERCISES. XVI. 

In each of the examples 1-4 twelve equidistant ordinates of a curve 
are given, corresponding to the values 0, 7r/6, 27r/6 ... of the abscissa. 
Analyse the curve into its harmonic components. 

1. 32, 60, 64, 20, 16, 49, 20, -30, -38, 40, 47, 38. 

2. 12, 38, 12, -23, -32, 20, -21, -40, -12, 34, 56, 45. 

3. 6, 10, 9-8, 6, 2-3, -1, -3*3, -5-4, -7*7, -8*8, -6,-1. 

4. 19-4, 19-6, 14-5, 4*5, -6*1, -12*4, -14*8, -14*6, -12*9, -3*9, 
8-9, 15-8. 

5. Show that the quantities Oq, Oj, ..., ftj, h^ ... of §50 satisfy 
the equations 

iar= 2 -4«cos«r^, ^r— S 5«sin«r^ 
for r=l, 2, 3, 4, 5 ; while for r=0, 6 

«=6 «=6 

«o= 2 ^•j «6= 2 -4,cos«7r. 

Hence, show that a^ \ay^ \a^ \a^^ \a^ ^a^, a^ may be found from 
Jq, A^^ ... -4g by the same scheme as 12J.0, 6ili, 6-42> 6^3* ^^^^ ^^h^ 
12^6 are found from Oq, a^, ... a^ ; and that the quantities ^6^ may be 
found from the quantities Br by the same scheme as the quantities 
65r are found from the quantities h^. 

Apply these results to test the values found in examples i -4, noting 
that the values 6^o, 6^ i, ... 6 J g, 6-fli, 6^2, ... may be used, the 
calculated values being then 6ao, Za^i ••• 3%, 6^^, 3&|, 362, ... 36^. 
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6. If 4jo equidistant ordinates yoiy-i^y^ ..• are given corresponding 
to the values 0, ^, 2^, ... of ^, where ff=27r/4p=7r/2p ; and if 

r=2p r=2p— 1 

r=l r=l 

show that, with the same notations as in § 50, 

•=7>— 1 t=p—l 

2pAr= 2 C', COSr«^, 2j0^2p-r= 2 c', COS^TTCOSr^^, 

2»5r= 2 <3^« sin rs6, 2pB^ip^= 2 A cos(« - l)7r sin r«^ 

«=1 9=1 

when r is odd ; but 

$=p $=p 

2pAr == 2 <^« COS r^^, 2/?J.2p_r = 2 <^« COS «7r cos r«^, 

«=0 1=0 

a=p-l «=p-I 

2p5y= 2 d'tsinrsO, 2pB2p-r= 2 c?'«cos(«-l)ir8inray 

«=i *=i 

when r is even. When r=0, 2f), the values are 

«=p «=p 

4i?i4o= 2 ^« 4p^2p= 2 c,cos«7r. 

[The above equations are the most convenient for calculations. If 
4p=36 the angles that occur are, in degrees, 0**, 10°, 20°, ... 90° or may 
be reduced to these. Runge in the article referred to in § 48 gives a 
scheme for 36 ordinates, analogous to that of § 51 for 12 ordinates, 
though necessarily more complicated. Tests analogous to those given 
in example 5 can be readily established for the case of 4p equidistant 
ordinates.] 

7. Find a cosine series for x. Test that the series is zero when 
^=0, and is equal to ir when :r=ir. 

8. Show, by expanding sin ^ in a cosine series that 

2/- 2 cos 2^ 2 cos 4^7 2 cos 6^ \ 
sin^=-(^l-^^-3 ^-3 577— •••> 

Verify that the series is zero both when 07=0 and when ^=7r. 
What function does the series represent when x lies between and 

9. Find a cosine series that is equal to 1 from ^=0 to a7=ir/2, and 
equal to from j7=7r/2 to x—w. What is the value of the series 
when X has the values 0, 7r/2, tt ? 

10. Find a series that is equal to —1 from :r=— tt to ^=— 7r/2, 
equal to from 0?= — '7r/2 to .a?=0, equal to 1 from J7=0 to ^=7r/2, and 
equal to from ^=7r/2 to a:=ir. What is the value of the series 
when a; has the values — ir, — 7r/2, 0, 7r/2, tt ? 

11. Find a sine series that is equal to a: from ^=0 to :r=7r/3, equal 
to 7r/3 from a;=ir/3 to ^=27r/3, and equal to tt-^ from J7=27r/3 to 
ia;=7r. What does the series represent for values of a? from ;r=0 to 
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12. Find a sine series that is equal to 1. 

13. Find a series that represents x^ from x——Tr\^x—Tr, Find 
also a sine series for a!^(from ^=0 to a7=7r). 

14. Show that, if a is a fraction, 

2a sin air f 1 cos^ C082^ cos3^ 'i 
C0SCU7- - |^-^^-^+-^-^2 a^-S^"*"-/' 

15. Find, by using example 14, the sum of the infinite series 

a \a-l^a + l/^\a-2^tt+2/ Va-3^a + 3/^"* 
where a is a fraction. 

16. Show that, if a is a fraction, 



_2 8ina7rf sin.r 2 sin 2a? 3 sin 3a? 4 sin 



sinaa7= \ ^ ^--^ — «-4 



IT 



\\^-6? 22-a2"^32-a2 4^ 



in 4a? , \ 



17. Find, by using example 16, the sum of the infinite series 

1-a 1 + a \3-a 3+a/ \5 — a 5 + a/ Vv-a 7+a/ 
where a is a fraction. 

18. Deduce from example 8 the sum of the infinite series 

19. Prove, by integrating both sides of equation (ii), example 1, 
§ 52, that 

{x—Trf 7r^ co8.r co82a? oosSo? 

4 12~ 1 ■'" 22 "*■ 32 ■'"•••• 

20. Deduce the equation in example 16 by differentiating that in 
example 14. 



CHAPTER XII. 

INVEKSE CIECULAR FUNCTIONS. LOGARITHMIC AND 

EXPONENTIAL FUNCTIONS. 

58. Inverse Girculax Functions. It is necessary to re- 
member the restriction on the range of the angles denoted 
by the symbols sin'^x, cos'^oj, tan"^, cot"^a;. 

The range of sin~^a? and of tan-^^ is from - ir/2 to 7r/2, inclusive of 
these angles ; the range of cos"^a? and of cot~^a7 is from to «-, inclusive 
of these angles. For example, 

sin-X - ^) = - 1, cos-K -'i)=-^y sin-i( - 1) = - 1, coar\ - 1) = ir, 

tan-K-l)= -f, cot-i(-l)=^, tan-K-oo)= -|, cot-K-oo)=7r. 

The argument of these functions occurs so frequently in 
the combination x/a that it is well to have the derivatives 
for that combination ; we therefore state the derivatives for 
both arguments, x and x/a. We suppose a to be positive. 

Take the second form, and let y=8in-\x/a). Then 

dx dy 1 

x-=aBiny, -7- = acos'V, j^ = • 

^ dy ^ dx a cosy 

But cos^'V = 1 — sin^ = 1 — « = «— > 

ij ^ a^ a? 

so that acos2/ = ^(a^— a;^); the + sign must be given to 
the root, because y lies between — 7r/2 and ^72, and cos y is 
therefore positive. Hence, 

dy^ 1 

dx ^(a^— aj^y 
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II. DxCos-ix=-^^^; D^os-i(?) = ^-^^=l^. 

Let y = cos " \x/a), so that x = a cos y. Then 
dx _ . dy_ —1 _ —1 

The + sign must be given to the root, because y lies 
between and tt, and therefore sin y is positive. 

III. Dxtaii-ix=j^; D,tan-i(?) = ^,^. 
Let y = tan ~ \x/a), so that x = a tan j/. Then 



/V /J» Q^ ^« /Jj2 

^=asec2i/ = a(l+tan22/)=— ^ 



dy a 



and therefore ^j s s. 

In a similar way it is proved that 

IV. DxCot-ii=j^; D,cot-i(?)=^,. 

From these results we at once obtain the integrals : 

or =— cos-^x; or =— cos"M-j. 

or =— cot-^x; or = — cot-^(-). 

' a \a/ 

The following important integral is proved in §45, 
example 6 : 

VIL Jv(a^-x2)dx = ^xV(a2-x2)+^a2sin-i(^). 

Note that sin-^^ and — cos~^^ differ by a constant ; for 

sin~^^ - ( - cos"*^) = sin~*^ + cos~^a;= '7r/2. 

The two functions may therefore be integrals of the same function. A 
similar remark applies to tan"^^? and - cot"^:?. 



INVERSE CIRCULAR FUNCTIONS. 157 

59. Worked Examples. For elementary work the chief 
value of the inverse circular functions is that they furnish 
integrals of functions of the form 

and 



^(c+bx — x^) x^+bx+c 

the factors of x^ + hx + c being imaginary, like those of 
x^+a\ We illustrate by the following examples : 

Example 1. Evaluate /--__J^___.. 

Let x+h=:u ; then dx—du^ and 

dx^ f du _ . _i/^\ 

Eeplacing uhy x+bywe find that 

/dx _ . ^ifx+b\ 

/dx 
V(4+&r-3x^) - 

The first step is to reduce 4 + 5x — Za^ to the form of the difference 
of two squares, that is, to the form (^ — {x+bY; of course, when the 
coefiicient of a^ is not — 1 there will be a constant factor. 

In the present case we have 

4.a.-3^.3(|4,-^).3{g-(.-5)'}, 



SO that 



/dx 1 M^ dx 



In example 1 put ^^73/6 for o and - 6/6 for 6, and we find that the 
integral is equal to 



c^ 



/dx 
7 TTo 

Put u for J? +6, and the integral becomes 
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Example 4. Evaluate | -. 

Arrange 6^-7^+8 as the sum of two squares ; we find 

.^-,«,.»(^-I«|).={(,-l)V(^)'}. 

f dx 1 /^ dx 

so that Jba^-lx+eTb /T ly , / VlH V 

which, by example 4, is equal to 

1 _10_ ,/ :c-7/10 \_ 2 ^ _,/ 10j;-7 \ 

6 Viii Wiii/ioJ"Viii'^^ V Viii / 

Note that l.i^VjJi=10 

If the constant term <? (in example 3) is a fraction, equal to m^/n^ 
say, the factor 1/c is n/m ; the stuaent should from the first practise 
writing it as njm and not as 1 -r (m/n). 

The next example illustrates a method of obtaining a 
power series for a fmiction that is sometimes useful. 

Example 6. Show that, if j;^ is less than or equal to 1, 

tan-..=.-J+^-^+... to infinity. 

Dividing 1 by 1 +t** we find 

=4;^=l-t«2+w*-^*«+... ±U'^^^^:^^ (i) 

Integrate both sides of (i) from to ;r ; therefore 

, , ' jfi ^ afi x^ ^ , a^"^ ^ C*u^du ,..v 

*«^'*=^-3 + 6-7+-±2^^=^ioT+^«- (») 

Now, u**/(l+t*^ is less than t***, and therefore the area between the 
graph of u^l{\-\-vF)y the t^-axis and the ordinate at u=^x is less than 
the corresponding area for the graph of u^. Hence 

/ 1 , 2 < / ^^««« or ■= — -r, 
Jo 1+^^ Jo 2«+l 

Further, if o;^ is not greater than 1, a^*^/{2n+l) is not greater, 
numerically, than l/(2;i+l), and therefore becomes very small when n 
becomes very large. Hence we have 

<*5 <•* /wH (••8W— 1 

tan->*=*-j+^-^+...±2^^T (m) 

where the error made by stopping at the term x^~^l{2n—l) is less, 
numerically, than a^*^l(2n+l). 
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If :i;= 1 we find, since tan~*l =7r/4, 

'T 1 1,1 1 , /,• \ 

4=^-3+6-7+ ' <'^> 

the same series as in § 52, example 2. 

The series (iv) is not very suitable for the calculation of tt. A 
better series is ootained by using the identity {MackMs Formula) 

^=4tan-.(l)-tan-(^). 

The values of tan"* (1/5) and tan"* (1/239) can be calculated from (iii) 
with very little labour. 

In Exercises XVII., examples 37-40, the student will find 
a transformation that is useful in higher work but that 
may be passed over by beginnera 



EXERCISES. XVII. 
Differentiate the functions in examples 1-13. 
1. sin-i2a;. 2. sin-i(l-^). 3. sin-i(^^^-Y 

4. cos^*(l-a?). 5. sin~*(cw?+6). 6. tan~*(l-^). 

7. tan-i(^^iY 8. ^sin-i^. 9. ^sin-»a?+V(l-^). 

10. ^a^ sin"'a; - J sin~*^ + J^'\/(l ~ ^' 

11. i('=P-l)\/(3+2^-^)+2sin-i^^Y 

12. ^tan-*^. 13. (l+^)tan~^47-;r. 
Integrate the functions in examples 14-30. 

^^ ^/(3 -^' •^^- ;/(9=l^' ^^- v^(7-ar8y 

17. V(3>^). 18. ^{1-'^). 19. ^{l^-a^a?). 

^' V(6^ ''• ^^'"-^>- ^- 7(5^ 

23. V(«^-^). 24. ^(3+4^_4^y 25. V(3+4r-4^). 

26. V(24^-9^-7). 27. 3^. 28. ^^. 



a^+jp+l ' 9:^2+2427+25 
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Evaluate the definite integrals in examples 31-36. 

oi /** dx ^ dx r dx 



34. 



k^i^-x^)' ^* JoV(2^-^)' Jo ^{^ax-x^' 



37. If tan Ja7=w, show that 

sinj7=Y~; — 2> cos^=r— — 2, 

47=2tan~*i^ dx—TT-. — a- 
Then, show that 



/5+fei^= /iSr*^* **'^"*<i **" *^>> 



i 



— — 5 =4tan"i(Qo) = -. 

5+3 cos :f ^ ^ '' 4 



38. Show, by the method used in example 37, that if a^ > 6^, and a 
positive 

(i) f f> = „ f ,..x tan-t(J(^).taniA 



<«)r^ 



C^ IT 



Verify (i) by differentiation. 

39. Show that, if tan^.r=t«, 

f ^ _ r ^^^ —If _i/3+5tan^^\ 
J5+3^ina;~J5 + 6t*+5t*2-2^° V 4 A 

40. Prove that 

dx TT 



f 



_|5 + 3sin^ 4 

60. Compound Interest Law. Suppose a principal of £P 
to earn interest at the rate of p per cent, per annum ; let 
the interest be calculated at n equal intervals in each year 
and let it be added to the principal as soon as it is earned, 
so that the interest, as soon as it is earned, begins to bear 
interest. It is easy to prove that at the end of t years the 
principal will amount to 



(^^r&)" 
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T i. pi inp 

lOOn m 100 



Suppose now that n, and therefore m, is very large ; the 
interest is thus added on at very short intervals. But when 
m is very large the expression 



( 



1 + -) 

m/ 



is finite ; in fact, it can be shown (see below) that when m 
becomes infinite that expression converges to the number 
2*71828 ... , usually denoted by e. Again, when n becomes 
infinite the growth of the principal may be said to be 
continuous ; m each interval of time, however short, interest 
is earned and immediately begins to bear interest. The 
amount A at the end of t years, when interest is added on 
continuously to the principal, is thus 

A = Pe^, since L (1 + 1^=6. 



A quantity A which varies with t according to the law 

A=Pef^ 

is such that, when t increases by equal amounts, A is 
multiplied by equal amounts. Thus, when t increases by h, 
A will change from 

Pe^ to P6*<*+*>, or from Pe«* to Pe^xe^; 

that is, when t increases by h, A is multiplied by e"^. 

The function e* is called the exponential ftmction, and is of 
great importance in mechanics and physics. A simple 
instance is the law of the density of the air at different 
heights; as we descend a hill, the density of the air is 
equally multiplied in equal distances of descent; for the 
increase in density per foot of descent is due to the weight 
of a layer which is itself proportional to the density. 

We will assume the result 

L ("!+-)"*= 6=2-7182818 (1) 

Q.I.C. L 
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and refer for the proof to the author's Ccdcvl'm^ §§ 48, 49. We give 
the following as a sv/ggeationy not as a proof. Expanding by the 
binomial theorem, we have 



( 



, . 1\"* , . 1 .w(m-l) 1 ,m(m-l)(m-2) 1 , 
mj m 1.2 m^ 1.2.3 m^ 



_, 1^ m . \ m/\ m/ , 



the (r+iy^ term being 

(i_l)(i_l)(i_l)...(i_!:zl) 

\ m/\ mj\ mJ \ m / 
1.2.3...(r-l)r 

When m becomes infinite, each of the fractions 

i_i i.V x.l 

becomes 1 , and we find 

(1 \"* 1 1 1 1 
^'^m) '"^"^T"*"r72'^T:2T3"^1.2.3.4"*'-' ^^^ 

the (r + 1 )* term being 1/r ! . 

The series (2) is an infinite series, but a few terms, say the first 10, 
give a very good approximation to its value. The error due to 
neglecting all the terms after the {r+Vf" is less than l/r{r\). 

For purposes of reference, the expression of e* as a power series 
may also be given. 

^=i+i+S+S+-+S+^ <3> 

where i?„ is a quantity, depending on a: and n, which is small when n 
is large, and which converges to zero when n becomes infinite. If a?j 
is the numerical value of x (that is, a: itself when ^ is positive, but — ^ 
when a; is negative) Rn is less than 

Equation (3) holds for every value of x ; when a; is fairly small a 
few terms yield a fair approximation to the value of e*. 

61. Derivatives and Integrals of logo; and ^. We do not, 
to begin with, specify the base of the logarithms. 

^ ^ 8x^0 SX S;,^qSx ^\ ^ X/ 
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Sx 1 

Let — =— ; then, when Sx becomes zero, m becomes 
infinite. Now 

But, when m becomes infinite, (1 + 1/m)"* becomes e; 

therefore 1 

Da.loga5 = -loge. 

X 

If e is the base of the logarithms, then log^ = l, and 
therefore 

I. Dxlogx = -. 

X 

Note. Unless the contrary is stated, the base we assume 
for the logarithm will alwajrs be 6; >ire thus avoid the 
cumbrous factor log e. Logarithms to the base e are called 
Napierian, or hyperbolic, or natural logarithms so as to 
distinguish them firom logarithms to the base 10, which are 
called common or Briggiam, logarithms. Of course the 

derivative of log^QX is (as we have just proved) - log^^e. 

We can also, by the substitution u=aac+b, prove 

IL Dxlog(ax+b)=^^^. 

For, if u=ax+h 

d . log (oa; +b)d, log u du_l _ a 
dx " du dx'^u' ""aa;+6' 

Next, we find the derivative of 6*. Let y=e*; then 
aj = log2/and 

1=^' g = 2/ = «^8othat 

III Dxe3t=e». 

By the substitution u=aa!i, we find 

IV. Dxe«=ae« 

For, , =— J — -j- = e^.a=ae^. 

dx du dx 
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From these results the following integrals are obtained : 

V. j^dx=logx; j-L^dx=^Iog(«+b). 

VI. [e^dx=e^; [e«dx=ie« 

To these we add 

VIII. jv(x2+k)dx=ixV(xHk)+Jklog{x+V(x2+k)}, 

which are proved in examples 1,2; k maybe either positive 
or negative, but a?+k must not, of course, be negative. 

Example 1 . If y = log {x + J{a^ + h) }, find dyjdx. 
Let u=x+y/{a^+k), so that y=logt^ ; then 

dy _dy du _\ du_ 1 du 

dx~~da * dx u dx^x+jij(x^+k) dx 

But £=l+K^+*)-*.^=^^f, 



SO that 



dy 



dx sl{^+k)' 
From this result we obtain the integral of l/ij(a^+k). 

Example 2. If y=^lx ^(x^+k)+iklog{x+^(a^+ky}, find Dy. 
Take separately x ^{a^ + k) and k log {x+ y/(a^ + k) }. We have 

D[x ^{a^+k)]=^^(x^+k)+x.i(x^+k)~^ . 2x 
_ 2x^+k 

h 
i)[lrlog{a7+V(^+^)}]=-^7^qp^, ... (by example 1). 

Adding these two results and dividing by 2, we find 

from which the integral of <J(a^-\-k) is obtained. 

These integrals should be compared with those obtained 
(§ 58) when the integrand is l/^ia^—x^) or ^{a^—x^). 
When the coeflScient of x^ is negative, the integral contains 
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inverse circular functions; when the coefficient of ^ is 
positive, the integral contains logarithma 

Example 3. Differentiate log tan ^x. 
Let tan^^=i£ ; then 

dAogiAnja^dAogu du 1 l„_2i«, 
CM? au da; u 2 

so that ^. log tan ^^ ^ 



da; 2 sin ^;r cos ^a: sin ^* 

From this result we deduce the integrals 

/^dx=logtaiiix, /^<lx=logtan(jx+^). 

- To obtain the integral of 1/cos:p, let a;=u — Tr/2 ; the integral is thus 
reduced to that of 1/sin u, 

Example 4. Integrate log a:. 

Apply integration by parts (§ 47) ; take log x as the product of 1 
and log^, and begin by integrating the factor 1. Thus, 

llAoga:dx=ilogx.a:- /a?.-cKr=^logd?- / Idlr, 

so that / log xdx=x log x^x. 

Example 5. Prove that if ^ is numerically less than 1, or equal 
to + 1 {not - 1), 

\og{\-\-x)=x--^+-^--^ + ,., to infinity. 

Proceed as in § 59, example 5. Dividing 1 by 1 +w, we find, 

1 w** 



and therefore, integrating from to x, 

Now suppose in the first place that x, and therefore w, is positive ; 
we see, exactly as in § 59, that 

u^du or — -^ (ii) 

^+1 

If ^ is not greater than 1 the quantity ;r^+V(^+l) is not greater 
than 1/(7^-1-1) and is therefore small when n is large, and converges to 
zero when n becomes infinite. log(l+^) is therefore equal to the 
infinite series ; the error, when the series is stopped at the term x^'/n, 
is less than af*'*'^l{n+l). 



h\+u Jo 
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Next suppose a?, and therefore t*, to be negative ; let ^= — j?j, where 
Xi is positive and less than 1. Put - v for u in the integral in (i) ; then 

The least value of l-v in the integral is l-a^^; therefore, as v 
increases from to ^Pj, the integrand v**/(l-i;) is less than t;"/(l-a;iX 
except for the one value v=a:i. Hence as oefore, by considering areas, 

Jol^v^Jol-a;^ ^^ (l-x^)(n+l) ^ ^ 

The limit of ^i"+V(l""<^i)(^+l) ^^^ ^ becoming infinite is zero, 
provided x^ is less than 1, as we have supposed it to be. The series for 
log (1 +0?) therefore holds for negative values of a: that are numerically 
less than 1 ; the error, when the series is stopped at the term af^/n^ 
is less than the quantity in (iv). 

When 07=1 we have the identity, 

log2=l-J+i-i+-, (v) 

but this is a very bad series for calculating log 2. 
Better series for calculating logarithms may be obtained thus : 
Take first the series for log (1 +^), 

/|n2 /m3 mA /mO 

l0g(l+a7)=^— ^+3-^+-^- (Vi) 

For a: put -a? ; then 

^ifi^ f]/^^ ^ir^ ^iT^ 

log(l-^)=-^- -------- (vu) 

Subtract (vii) from (vi) ; therefore 

log\^j3^y = 2^^a7+3+-g+Y+..J (vm) 

Next let \J^ji±\ 

X-x y 

so that ^=^^-^<l. 

23^ + 1 

Equation (viii) now becomes 

log(y+l)=logy+2{^-Jj^+l(^JVl(_^)%...}....(ix) 

from which log(y+ 1) is found when log y is known. Thus 

y=2; log3 = log2 + 2{J + ^+^+^+...}; 

then log 4= 2 log 2 ; log 5 is obtained by putting 4 for y in (ix), and 
so on. 
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It will be a good exercise for the student to calculate the logarithms 
of the first ten integers ; the series (ix) converges very rapidly even 
wheny=2. 

EXERCISES. XVIII. 

1. Differentiate log (^i^j and integrate -^^-^, (^>a2). 

2. Differentiate log(?^) and integrate -g^, (x^Ka^), 

\Cl> ~~ ^ / CL "^3/ 

Differentiate the functions in examples 3-34 : 

3. log(^3^)- 4. log{V(^+a)+V(^-a)}. 

5. log{^-ia+V(^-aa;)}. 6. log g+^+g ). 

7. log(sin;r). 8. log(cos^). 9. log(|-±^?M). 

\1 -smo;/ 

10. log(i±.55^). 11. log(l+sin^). 12. log(a?+sin^). 

\ 1 ^ cos 3C / 

13, ^ + log (sin a; + cos a?). 14. 3a?-log(sin^+2cos^). 

15. ^tan-i^-logV(l+^2). 16^ ^+log(-i;2_^4.1)+ 2 ^j^_i/2£-lY 

17. J(^+l)N/(^+2^+3)+log {07+1+^(^+2^7+3)}. 

18. ^log^p. 19. a:"log:i7. 20. ^+^+log(^)- 

21. x^, 22. ^e-*. 23. ;r"e*. 24. ^e"*. 25. 10*. 

26. 10-*. 27. c*sin^. 28. e*cos^. 29. e-*'8in(4^+5). 
30. e-'*cos(4^+5). 31. e«'sin(6^+c). 32. e»*cos(6^+c). 

33. |(«^+c"«). 34. |(J-e""^). 

35. Show that the operation of differentiating e*^ is equivalent to 
multiplying 6** by a, and find the vS^ derivative of ^, 

36. Find the 2^, 3**, and n^ derivatives of log^. 

37. OM is the abscissa and MP the ordinate at the point P(a, /?) 
on the hyperbola a^la^—y^ll^=\^ a and /3 being both positive. Find 
the area AMP, A being the vertex nearest P; and show that the 
expression for the area may be put in the form 

Jaj8-Ja51og(^+|). 
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38. Show that, if the area of the sector OAP (example 37, being 
the origin of coordinates) is denoted by j^i^ 

.=a61ogg+|). 

If a = 1, 6= 1, show that 

39. The curve given by the equation y=Ql^+«*) is called a 

catenary ; graph the curve ^§ 68, Fig. 36). 
If « is the arc, measured from the vertex (0, a), prove that 

40. The curve given by the equation i/=alogaec{x/a) is called the 
catenary of uniform strenfirtli ; graph the curve. 

If « is the arc, measured from the origin (0, 0), show that 

41. Show that the arc of the parabola ^=a;®/p, measured from the 
vertex up to the point whose abscissa is a:, is given by the equation 

..|V(4^+f^+f tog {2«v^±a}. 

Also, j^(^a^>+^^)cb,=ix^J(f+^)+i.^\bg{:v+yj(^x^+^)]. 

See, for an approximate formula, Exercises IX., 16. 

Find the integrals of the functions in examples 42-48 ; compare 
§59. 



V(^-iy ^' v(3^+iy "• v(^+ar+2y 

^' V(3^+4^-5y ^' V(^+2a;r+62) 

47. V{(^-l)(^-2)}. 48. V(^+2a^+62). 

Apply the method of integration by parts to integrate the functions 
in examples 49-57. 

49. ^ log 07. 50. ^log;r. 51. a;^log^. 52. :re*. 53. ^e*. 

64. o^eF. 55. xe-', 56. ^-*. 57. ai^e-*. 
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58. A rope, which is tightly stretched, makes a half turn round a 
cylindrical post, the pai-t APB of the rope in contact with the post 
lying in a plane which intersects the axis of the post at 0. The angle 
AOP is d radians and the tension at P is T. Assuming that the rate 
-dTldO at which the tension decreases is equal to /x7^, where /x is 
the coefficient of friction between the rope and the post, and that the 
tensions at A and B are respectively 5\ and T^ (T{>T^^ find the 
relation between 7\ and T^- 

Find also the relation when the rope makes (i) one complete turn, 
(ii) two complete turns round the post. 

59. Calculate, by equation (ix), example 5, § 61, to 5 decimal places 
the Napierian logarithms of 2, 3, 4, 6, 6, 7, 8, 9, 10, and then find the 
common logarithms to 4 decimal places. 

60. liu= tan \ x^ show that 

/ dx _ /* <^'^ _ 1 1 /2+tanj£?\ 
3+5cos:r""J4-t*2-tlog^2_^^^^J. 

Prove also that, if a?<l^y and a positive, 

where i*=tan^^. (Compare Exercises XVII., 37-40.) 

62. Important Examples. The following examples are of 
great importance in all applications of the exponential 
function. 

Example 1. Find the integrals of e"*cos(6:p+c) and e***sin (6^+c). 

Note that these functions differ only in this, that one has the cosine 
and the other the sine ; the angle and the exponential are the same. 

The integrals may be deduced very readily from the derivatives of 
the functions. Let 

u = €f^ cos (J)x -h c), v= e**sin Q>x + c). 

Differentiate, arranging so that in the derivatives the cosine term 
comes first ; we find 

Du = ae^coB (bx + c) — h&^ain {bx+c)=au — bv, 

Dv = &e^ cos {bx + c) + ae^sin (Jbx + c) = 6% + av. 

Now solve for u and v, in terms of Du and Dv ; we obtain 

aDu+hDv __aDv — bDu 

But the integrals of Du and Dv are u and v respectively ; we 
therefore find, by integrating the last two equations and putting for 
u and V their values, 

/,jix /T. , \j €f*'{a C0& ( bx-hc)+b Bin (bx+c)} , . 

^C0s(ft^ + C)^ = — ^ 5^ ^2^^-p 5^ ^, (C) 

/MX ' f-L . \^ e^{asin(6^+c)-6co8(&ar+cH / v 

e*'sin(6^+c)fl^=— ? \-^^J-^ \-^JLJl (s) 
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If the structure of these integrals be examined it will be easy to 
deduce a rule for remembering them. 

The more usual method of evaluating the integrals is that of 
integration by parts. Let 

To evaluate /*, begin by integrating e** ; we find 

P= — cos(6^+c)- / — {-h&m(f>x+c)\dx— ^^ -+-^y 

80 that aP -bQ^ e**cos (ba; + c). 

Integrating e^sin(6^+c) in a similar manner, we find 

bF+aQ=€^ain (bx+c). 

These two equations, when solved for P and §, give the same values 
for the integrals as before. 

Exam'ple 2. Evaluate / e"** sin bxdx^ k and N being positive. 

In (s), example 1, put - k for a and for c ; then 

Jr^ 1^ ' -L J re'^i^k^vabx-bo.o^bxyY 

_ ~ e-*^(;[: sin bN-^- b cos bN) b ... 

F + 6^ "^^+62 W 

If we define the integral when one of its limits is infinite as follows 

/ e~^smbxdx= L / e~**smbxdx, (ii) 

Jo A'=ao Jo 

we can readily find its value in this case. The limit of e~^ is zero 
when N becomes infinite ; also the functions sin bN and cos bN can 
not be numerically greater than unity. Therefore the first fraction 
in (i) converges to zero when N becomes infinite^ and we find 



i 



* b 

e'^ain bxdx= 



Jo — — ^ + 52- 

We proceed in a similar way in all cases in which one of the limits 
of an integral is infinite. For example 

/ e"dx= L / e-'dx= L (l-e-^=l, 

JO iir=»« JO JToBOO 

C^ dx , r^ dx T i. -1 ar 'T 

/ T-7-T2= ^ / 1 ^^ = L tan-*iV^=^. 

Example 3. Find the turning values of e""*sin(&J7+c), a and h 
being positive. 

Let e"** sin i))X + c) =f{x) ; then 

y^(^) = - 06-*" sin {bx + c) + fte""* cos (bx + c) 

s= -e-*"{asin(6a;+c)-6cos(6a;+c)} (1) 



IMPORTANT EXAMPLES. 171 

This expression may be put in a more convenient form. Choose 
R and so that i2 cos &=a, /Zsin ^=6 ; these equations give 

R==^(a^+I^), tan O^b/a (2) 

Since a and b are positive, the smallest value of is an acute angle ; 
this is the value to be chosen, i^hich should be expressed in radians. 
Equation (1) now becomes 

f'(a;) = - Ee~ ** { cos ^ sin (6^ + c) - sin cos (ba^ + c) } 

= -^-»*sin(6^+c-0) (3) 

From (3) we see that, to obtain the derivative of e""*8in(6^+c), we 
have simply to multiply e~'*'Bm(bx+c) by -E and subtract ^ from 
the angle ; both B and 6 are independent of c. Hence to obtain the 
derivative of the function in (3) we multiply it by —R and subtract 6 
from the angle ; thus 

f\a;)=R^e-^sm(bx+c-2e)y (4) 

as may be easily verified by direct differentiation. 

For the turnmg values we put/'(^) equal to zero ; therefore by (3) 
the turning values are given by 

sin(6^+c— ^)=0, or ba;+c — 0=n7r 
where w is 0, ±1, ±2, .... We shall confine our attention to positive 
values of a: ; therefore, denoting by ^q, ^j, a^^y ••• ^nt the values of x 
for the values 0, 1, 2, ... w of ti, we find 



b ' 
rnr+O-c 



^0— ^ > ^1— g > ^2~~ 



and, generally, ^«=' » 

It may happen that the values of and c are such as to make one 
or two of the smaller values of x negative. 

In particular cases it is easy to decide which are the maximum and 
which the minimum values of f{ai) ; the general case is easily decided. 

For /'(a7„)=i22e-«»sin(6^„+<?- 2e)=^R^e-'^sin{n7r-ff), 

and therefore, since B^e"^^ sin 6 is positive, 

/"(^n)= -, if 7J=0, 2, 4, 6, ... (even integer) 

= +, if n=\, 3, 5, 7, ... (odd integer). 

Hence fipcS is a maximum for the values ^o> ^2^ ^4» ••• ^^ ^> ^^'^ 
a minimum tor the values .^i, jjg, ^g, ... (§ 24, example 2). 

The student sho'ild work out, from the beginning, the particular 
case in which a=0*l, 6=l,c=0; the graph is shown in Fig. 31. In 
this case tS|,n ^=10 and is 84* 18' or 1-471 radians. 

^0=1*47, ^1=4-61, a?2=7-75, a73=:10*90, 

/(^o)=0*86, /(^i)= -0-63, /(^2)=0'46, f{x^)^ -0*33. 

It will be a good exercise for the student to show that the ordinate 
and the gradient of e~***sin(6^+c) are equal respectively to the ordinate 
and the gradient of e""*, for those values of x for which 

bx+c=2mTr+^Tr (w=0, 1, 2, ...). 
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The two graphs tiierefore touch at the points whose abeciaaae are 
given by tbeae values of x. 

Sinceoo8(ftj:+c)=Hm(&E+c+^), the turning values of «-"coH(&r+c) 
may be obtained from those of e~"8in (bx-t-c) by writing c4- Js- for e. 



The differential equation in tlie nest example occurs 
very frequently in physical applications ; a special case 
of it has already been discussed in § 43, example 5. 

Exam^e 4. Verify that, if iit-^lfi is poaHve, the equation 

ipx , ,dx , „ ... 

V+'di*!"-" <■> 

is satisfied by :i;=4e-**'coB(n(+SV where J, J are any constants and 
n is given by the equation n.*=/A — Jif. 
To verify, we have simply to find -^, --^ and to eliminate the 

two constants A, B from the three equations which give x and the 
two derivatives. From the equation 

x=Ae-i^<xs{nt+B) (ii) 

we obtain by difTerentiation 

^=-ii^e-»"co8{j!i+5)-»i^e-i"sinOK+£) 

= -itc-nJ«-**'sinCn(+5> (iii) 

Differentiate again ; therefore 

^=-4i^-jjtJe-t''cos(»i(+5)+ii«J«-*''8in(M<+5) 

= -ii J-«=.r-ii(g+ii^) by (ii) and (iii). 



L 
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Hence, taking all the terms to the left side, we find 

which is the same as equation (i) if fi=n^+ii^, or n^^fi — ik^. 

Equation (ii) represents (when k is positive) what is often termed a 
damped vibration ; it is a simple harmonic motion with a decreasing 
amplitude. The amplitude, wnen t has any value ^j, is ^c"*"» ; when 
t has increased by ^T (where T is the period 2Tr/n of the circular 
function) the amplitude has decreased to ^e-**<'»+*'^. The ratio of 
the first to the second of these amplitudes is 

Ae-^^ : Je-itt^i+i'^ or ^; 

the Napierian logarithm of this ratio, namely ^kTj is called the 
logaritlmiio decrement of the amplitude. 

EXERCISES. XIX. 
Calculate the values of the integrals in examples 1-18 ; k is positive. 

1. I e* sin a;da;, 2. je^coaxda:. 3. / e~* sin ^c?.r. 

4. je~*coaa?dx. 5. / e"** sin 4^<ia?. 6. j e~** cos 3axix, 

7. /e^sin^^c^. 8. I e"' cos^xda:, 9. / e~'cos2xdx. 

0. / e~^cos(4a:+6)da;. 11. / e-** sin ntdt, 

2. / e-**cosntdt 13. / e-^8in(nt+a)dt. 
Jo Jo 

7 r<^ IB r <^ 

9. Evaluate / ^-^ 5^, by the substitution ^=atant£. 

Jo {a^+a^y 

20. Evaluate 

21. Prove /^ ^ = f— 

.'0 a^cos^^+ft-^sin^o? J^ 0^ + 

where w=tan^, and evaluate the integral. 



+2a?+2 
du 



Graph the functions in examples 22-25. 

22. e-*sin2a7. 23. e-*cos2.r. 24. c-io*sin 300^. 25. e'^^^'sin 500/f, 
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26. Show that each of the functions given by the following 
equations satisfies the differential equation of example 4, § 62, it, /J^ 91 
having the same meanings as in that example : 

(i) a;=Ce-^sm{nt+D\ (ii) x=e-^(EcoBnt+Fainnt). 

27. Find the value of sff which satisfies the differential equation of 
example 4, § 62, and also the conditions that x=a and dxjdt^ F when 

28. Verify that, if /x- J^ is negative^ the equation 

d^x 1 dx ^ 

is satisfied by j?=e-^(-4e*^+5«""*), where Ay B are any constants 
and m is given by the equation m*=^ifc*-/iA. 

29. Verify that the equation 

is satisfied by x==Ae^+Be-^, where A and B are any constants. 



CHAPTER XIII 

APPLICATIONS. CUEVATUEE. BENDING OF BEAMS. 

CATENAEY. ALTEENATE CUEEENTS. 

DOUBLE INTEGEALS. 



63. Geometrical Applications. Let OM be the abscissa 
and MP the ordinate of the point P (x, y) on the curve 
whose equation is y =f{x\ and let the tangent at P meet 
the axes at L, K (Fig. 32). 




Fig. 82. 



The line GPO drawn through P perpendicular to the 
tangent LP is called the normal at P. 

When the tangent and the normal are spoken of as finite 
segments, the portions LP and PO intercepted between P 
and the a;-axis are the segments referred to. In the same 
way the projections of these segments on the a?-axis, namely 
LM and MQ, are called the subtangent and the subnormal 
respectively. 
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These segments may be expressed in terms of the values 
of X, y, yf at P, where y' means DxV- If the angle XLF is 
denoted by 0, then 2/' = tan ^. 

Subtangent = LM = y/tan ^ = yly\ 
Subnormal =MQ=yiQ,ji(j> = yy\ 
Tangent = iP = i//sin = 2/^(1 + l/^W^ 
Normal =P0= y/cos = ys/0- + y'^)> 
OL=OM--LM=x--y/y' = {xy'-'y)/y\ 
0K= - OZ tan <f>= - OLy^y-xy'. 

These expressions are true for all positions of P provided the tigns 
of the segments be attended to. Thus, if the value given by the 
formula for LM is Tvegative, L will be to the right of M; because in 
Fig. 32, which may be taken as the standard diagram, ^, y, y are 
all positive, and when y and y' are positive L is to the left of M. 

To find the equations of the tangent and normal (the 
unlimited lines) take x, y as current coordinates and denote 
the values of x, y, y' for the point P by ajj, y^, y(. Then 
the equations are 

for the tangent, y-^y^^ Vii^ "" ^1) 5 

for the normal, y-^y^— ?(aj — x^, 

Vi 
Note that the gradient of the tangent is y^' and therefore 
the gradient of the normal is — l/2/i'- 

Example 1. Find the subtangent and the subnormal of the ellipse 

Suppose x and y to be positive ; then 

subtangent = LM——, = , 

52 
subnormal =MG—y}f— — ^x, 

L is to the right and G to the left of M. 

OL=OM-LM=x+^^^=- I 

X X 

therefore OL . OM=aK 
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Example 2. For the hyperbola xy—<^ find KP : LP. 

KP OM .^__^^^__i 

— • — X* 

y 



LP LM 



X X 



Since the ratio is negative P lies between K and Z; KP=PL, 
Hence KL is bisected at P. 

64. Ourvature. Let P and Q be two points on a plane 
curve, ^ and <f> + S<f> the angles which the tangents at P 
and Q make with the (c-axis, « the arc measm^ed from some 
fixed point on the curve up to P, and Ss the arc PQ 
(Fig. 33). 

Definitions. The angle S<f> is called the total curvatnre of 
the arc PQ ; the quotient S(j>/S8 is called the average curvature 
of the arc PQ ; and the limit of 8(I>/S8 when Q approaches P 
as its limiting position, that is, d^/ds is called the curvature 
of the curve at P. 

For a circle of radius R the arc Ss is equal to RSi/>, and 

therefore ^ _ 1 ^ __ 1 . 

88"^ ds^W 

that is, the average curvature of any arc of a circle is equal 
to the curvature at any point of the circle. In other words, 
a circle is a curve of constant curvature, and its curvature 
is equal to the reciprocal of its radius. 




Pig. 88. 



65. Circle, Radius, and Centre of Curvature. Let the 
normals at P and Q (Fig. 33) intersect at C\ We shall 



G.I.C. 



M 
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prove that, when Q tends to P as its limiting position, C 
will tend to a point G on the normal at P as its limiting 
position such that PC is equal to ds/dfp. 

To prove this, observe that LP&Q=S(f> and, from the 
triangle PO'Q, 

PC _ chord PQ _ chord PQ j& S<l> 
sinPQa'""sinPO'Q~ arcPQ ^84>^sm8<p 

Now, the limit of lPQC as Q tends to P is 90°; also, the 
limits of the three fractions last written are 1, cfo/d^, 1 
respectively. Therefore, since sin 90° = 1, the limit of PC 
is ds/dip. In other words, C tends to a point, C say, on 
PC such that 

^^"3^^ """"PO'd^' 

The circle whose centre is C and radius P(7 has therefore 
the same tangent and the same curvature as the curve has 
at P. This circle is called the circle of curvature, its radius 
PC (which is equal to dajdfp) the radius of curvature, and its 
centre the centre of curvature at the point P. 

We shall generally use R for the radius of curvature ; its 
reciprocal 1/jB will therefore be the curvature. 

66. Expression for the Curvature. The curvature mav be 
expressed in terms of the first and second derivatives oi the 
ordinate at the point. For, since • 

^ . dy ^ dx 1 

tan^ = -7^> cos^ = -r-= , 

^ ax ^ ds &ec(f> 

we get by differentiating the first equation with respect to a 

dtan^p d<f>_ d (dy\ dx 
d<f> da'^ dx\dx) da* 

that is sec20 x ^ = -^ -f- sec 0, 

and therefore ^=^^^ &ec^<h. 

da dx^ ^ 

dy\^ 



But secV = 1 + tan V = 1 + (^) , 



CURVATURE. 179 

»tt.t ii.{i+^;}Vg (2) 

If the gradient dyjdx is so small that for all values of x 
within the range considered its square may be rejected, 
equation (1) becomes 

R'^ds^da^ ^^ 

The value for the curvature given by (3) is that generally 
used in the approximate theory of the bending of beams. 

Equation (3) may also be proved independently. For, if the 
gradient is very small, <f> is approximately equal to tan<^ (see §41, 
example 2) and Ss to its projection 8x, Hence, approximately, 

8 ^ 
"S SS~ — ST ' ^*^^^®^«^®' di~d^' 

Example 1 . The parabola y = a^jp, 

dy _2x d^y _2 
dx~ p ' da^ p ' 

R~di~clx>~V^\ds) ) ~p- V^ p'f ' 

Near the origin a^ is very small ; hence near the origin the 
curvature is simply 2/p. 

Example 2. The ellipse a^jaJ^ +yW = 1- 

2^ 2y c?y_^ dy ^£ 

^'^t^dx' dx^ a^y' 

dx^ a^ a^ 

But l^a^+a^y^=a^l^ ; simplifying a little, we find 

^^ M_, 1 _ a*6^ 
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The negative sign arises from the negative sign of -r-^ 

{y being assumed positive) ; the root implied in the index 
3/2 is taken as positive. In the standard figure (Fig. 33) 

-t4 is positive. When -r^ is positive the gradient -r- is an 

increasing function and the curve is concave upwards, as it 

is near P in Fig. 33 ; but when -t4 is negative the gradient 

is a decreasing function and the curve is convex upwards 
for such values. (Exercises IV., example 54.) 



EXERCISES. XX. 

1. Find the equations of the tangent and normal to the circle 
j?2+y2_. ]^ a^ tjje point (^1, yi) on the circle. 

If the tangent cut the a;-axis at T^ show that OM. OT i% equal to 
B? where x^=OM, 

2. Find the equations of the tangent and normal at the point 
(^i> yd ^^ ^^ parabola y2=4aa?. What form do the equations take 
if ^, = a^*, yi = 2a^? 

Show that the subtangent is bisected at the vertex. 

3. Show that in the j)arabola^=4a^ the subnormal is constant. 
Conversely, show that if the subnormal of a curve is constant, equal 

to 2a say, the curve is a parabola y^=^<ix-\- C, where C is any constant. 

4. Find the equations of the tangent and normal at the point 
{pcnyxi on the ellipse a^/a^+y^/b^ = l. What form do these equations 
take if ^1 =a cos 6, yi — h sin 6 ? 

5. (7 is the centre of an ellipse, A' A and BB the major and minor 
axes ; if and m are the projections on the major and minor axes of a 
point P on the ellipse and Tj t are the points where the tangent at P 
cuts the axes. Prove 

CM.CT=CA\ Cm,Ct=CE^, 

Establish corresponding theorems for the hyperbola. 

6. Using the notation of § 63, show that for the adiabatic curves 

Explain the meaning of the minus sign. 

7. In the semi-cubical parabola ay^=a^ show that 

TU ^ Turn ^^ TLfCL 27Zif2 
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X 

8. Show that for the curve y^ce^ the subtangent is constant. 
Conversely, show that if the subtangent of a curve is constant, equal 

X 

to a say, the curve is y — Ce"^^ where C is any constant. (Compare 
example 3.) 

9. Find the subtangent, the subnormal and the normal of the 

X _x 

catenary ,y=^a(e«+c »). Show that the perpendicular from the foot 
of the ordinate at any point to the tangent at that point is of constant 
length. (See § 68.) 

10. Find the subtangent and subnormal of the curve of sines, 
y=asin(;r/6). 

11. Find the curvature at the origin of the curves 
(i)y==^, (ii)y=^+^, {^\\)y=aa^^ (iv)y=a^ + 6^+ca?*. 

12. Find the curvature at the origin of the curves 

(i) y=x+a^, (ii) y=x-\-a^-\-a^ ', 
(iii) y—ax+ha^^ (iv) y=ax+ha^+ca^+dx^. 

13. The radius of curvature at the point (^, y) on the hyperbola 
^=^^« i?=(^+y2)t/2c2. 

U. The radius of curvature of the catenary of example 9 is y^ja, and 
that of the catenary of uniform strength y=c log sec (i/c) is caec{x/c). 

15. Show that at the origin on the curve 

y=2x-\-Sai^-2a!y+y% 
the radius of curvature is f ^Jb, 

67. Bending of a Beam. On a heavy uniform beam, 
which rests horizontally on two supports near its ends, a 
load is placed and the beam bends slightly. It is required 
to find an expression for the couple called into play by the 
stresses acting across any given cross-section which is 
originally vertical and perpendicular to the length of the 
beam, the cross-section being assumed to remain plane 
when the beam is bent. 

In the usual theory it is further assumed that there is 
one set of filaments, running from end to end of the beam 
and forming what is called the neutral surface, that are 
neither extended nor contracted. Let ABDC (Fig. 34) be a 
vertical section parallel to the length of the beam and let 
EF be the line in which the section cuts the neutral surface. 
EF is not altered in length but is curved slightly. Fila- 
ments in the section ABLG parallel to the original position 
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of EF are bent and contracted when they lie between EF 
and GZ), but are bent and elongated when they lie between 

EF and AB, 

To find the stress-couple, con- 
sider the given cross-section and 
another cross-section which is 
originally parallel and very close 
to it; both remain plane after 
bending but are inclined to each 
other at a small angle. Let ahc, 
def be the lines in which they 
intersect the section ABDG, and 
let these intersect at «, the angle 
bse being very small. 

The filaments which in the 
B strained position are represented 
by gh and be were originaUy 
equal and parallel; be is un- 
changed in length but is slightly bent, while gk is bent 
and is also longer than in the unstrained position. To 
a sufficient approximation we have 




and therefore 



gh^sg^ sb+bg ^^ bg 
be sb ab sb^ 

gh—be _J)g 
be "sb' 



But (gh — beybe is the unital extension of the filament 
gh ; the unital extension therefore, if bg be denoted by a?, 
is x/sb. When g lies between b and a the filament is 
extended and x is positive ; when g lies between b and c 
the filament is contracted and x is negative. 

Now, let SA be an element of the cross-section through 
def, the point h being within SA, and let E be the Youngs 
modulus of the material. Then the stress exerted across 
SA by the material to the right on the material to the left 

^^ ExSA 

But, as the cross-section through def is taken closer and 
closer to the cross-section through abc, the line sb becomes 
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the radius of curvature i2 at 6 of the curve be into which 
the beam is bent. Hence the stress across a small area SA 
including the point g is ExSA/R, By §39, example 5, we 
now find for the stress-couple the expression EI JR. 

Exarn/jde 1. A beam of uniform cross-section and length L with 
a load W at the middle, the weight of the beam being neglected. 

W 




Q C 

Pig. 86. 

When the coordinates of a point of the beam are spoken of, it is to 
be understood that the point is on the unstretchea line EF which 
represents the curve into which the beam is bent. 

Take the origin at the mid-point G of the beam and let the a?-axis 
be horizontal and the ^-axis vertical, the positive direction of the 
y-axis being upwards. Let P be the point (^, y\ 

The ben£ng moment if at P is the moment about the horizontal line 
in the section through P of all the applied forces on either side of the 
section. The only applied force to the right of P is the reaction at B 
which is equal to J Ir ; therefore 

M^\W{\L-x) (1) 

The bending moment is numerically equal to the stress-couple ; 
since the bending is slight the approximate value for 1//2 may be 
used. Hence we nave 

EI^^^\W{\L-x) (2) 

At the origin C both y and dyjdx are zero, so that the constants of 
integration are zero. Integrating, we find as the equation of the 
curve into which the beam is bent 

EIy=\Wa\L-%x). (3) 

The greatest deflection, y^ a&y, is given by 0?= JZ ; therefore 

yi= WI^I^SEL (4) 

If the section is a rectangle of depth a and breadth b then I=^^^b x a% 
and therefore y^^^WL^jAEa^h (5) 

If the origin is taken at A and if y is measured dovmwards {x being 
measured from A towards B) then, as x increases, the gradient dyjdx 
decreases so that dhfjda^ is negative. The coordinates of §, a point 
between A and (7, being (x^ y) the bending moment at Q is ^ Wx, 
Hence the equation for tne curve of the beam is 

-El^^=\Wx. (6) 
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Integrating and determining the constants so that y=0 when ^=0, 
and dyldx=0 when x=\L ytq find 

which of course gives the same maximum deflection as before. 

Example 2. A beam of uniform cross-section and length L with a 
uniformly distributed load w per unit of length. 

Take the same coordinates as for equation (6) of the last example. 
The bending moment at Q is 

M—\wLx^v—wxy.\x=]iw{Lx—aP) (1) 

Hence for the curve of the beam we find the equation 

-^/g=M^-n (2) 

Integrating and determining the constants so that y=0 when ^=0 
and x=LyWe obtain 

^/y=|j(Z3-2Z;a;2+-^) (3) 

The greatest deflection y^, given by a?= JZ, is 

_ 5wL^ ... 

^^""384^ ^^^ 

If the beam is not merely supported at ^, ^ but tan^enttcdly fixed, 
that is, fixed so that the ends are kept horizontal (for example, by 
being built in) a couple K is required for this fixation. The span 
being L and the upward reaction being ^wL a.t A, B as before, then 
the equation for the curve is 

^/g=ir-M^-^- (5) 

At A both y and dyjdx are zero ; therefore 

ETy=\Ka^-'^a^{2L-'x) (6) 

Since y=0 at the end B where ^=Z, we find, by putting .r=Z in (6), 
that K=^}^L\ Therefore 

EIy=i^a^L--xf (7) 

We see from (7) that dyjdx is also zero at B, as it should be. 
The greatest deflection, given by x=\L, is y^ where 

y^=wL^lZ%4.EI, 

which is one-fifth of the deflection when the ends are simply supported. 

68. The Commoii Catenary. A uniform flexible chain of 
weight w per unit of length is suspended from two points 
A and B ; to find the curve which the chain assumes. 

Any small piece PQ of length Ss is in equilibrium under 
the action of three forces, namely : — its weight wSs acting 
vertically downwards and the tensions, T and T+ST say, 
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acting at the ends P and Q in the direction of the tangents. 
The three forces are therefore concurrent (Fig. 36). 



T+ax 




Fig. 86. 

Let <f> and <f>+S<f>he the angles which the tangents at P 
and Q respectively make wijbh the (horizontal) aj-axis. First 
resolve horizontally ; therefore 

(T+8T)cos(<t> + S</>)'-TcoB<f> = 0, that is, ^(rcos0) = O. 

Hence, the horizontal component of the tension is constant; 
if this constant is Tq, we get 

Tco8<t> = TQ (1) 

Next resolve vertically ; therefore 

(T+ST)Bm(<f>+S<t>)-Tsm4> = wS8, that is, §(l^^ = 
Taking the limit for Ss converging to zero, we find 



w. 



d(T sin <!>) _ 
as 



(2) 



)■}■ 



Using (1) and noting that (compare § 66) 

c?tan^__c?tan^ dx ^dhf ^ l{^,(^y 
ds "^ dx ds^dx^ ' \ 1 \dx. 

we get for equation (2) the form 

S-V{'HS)>S <«> 
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which is the differential equation of the curve ; the variables 
Xy y, €f> here refer to the point P. 

To integrate, let dy/dx be denoted by u for the moment ; 
also put a for TJw. Equation (3) thus becomes 

1 du _l du _dx v.v 

V(l+u2)'^"a ^"^ V(l+^')""a 

Integrate, choosing the constant of integration so that u 
may be zero when x is zero ; we find 

log{u+^(l+u^)}=f, or 6^=u+Va+^'> (5) 

Cv 

Again e-'=l/{u+^(l+v?)}=-u+^(l+u'). (6) 

Now, from (5) and (6) we get, by subtracting and dividing 

^=u=^Ke'-e ) (7) 

and therefore y=%{e'+e~V (8) 

the constant of integration being chosen so that 2/ = a when 
a;=0. Equation (8) is the required equation. 

The curve given by equation (8) is called the common 
catenary, or simply the catenary. Its graph is shown in 
Fig. 36. 

EXERCISES. XXI. 

In the following examples the notation of § 67 is adhered to ; the 
beam is supposed to be of uniform cross-section and to be horizontal 
in the unstrained position. 

1. For a beam tangentially fixed at A and loaded at the end B^ 
the weight of the beam being neglected, the curve is (origin at A) 

2. For a beam tangentially fixed at A and free at the end By with 
a uniformly distributed load the curve is 

3. For a beam supported at its middle point and uniformly loaded, 
the curve is (origin at (7, the positive direction of the y-axis being 
downwardi) 
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4. If in example 1, S 67, the origin is at A and the positive direc- 
tion of the y-axis is downwards, show that for a point such as P 
between C and B the equation is 

Integrate the equation. 

5. Show that if, in equation (7), example 2, § 67, the origin is at 
the middle point of AB that equation becomes 

the positive direction of the y-axis being downwards. 

6. For a beam supported at its ends and loaded at a point 2) such 
that AD=ay DB=b^ the equation for a point between A and D is 

^/^=^A^^, (i) 

da^ a+b ' ^^ 

and for a point between B and Z> is 



The integral of (i) is 



EI^^^^(a+b-x) (ii) 

flfcr a+b 



. a6(a+26)Tr hW ^ ..... 

^^^=-W+W~ W+h)' ^^ 

and the integral of (ii) is 

„ a6(2a+6)^, , . _aW_.,, ^v. .. v 

[The constants are found from the conditions that (i) and ^ii) give 
the same values of y and of dyfdx when x=a, and that for (i) y=0 
when x=0 and for (ii) y=0 when ^=a+6.] 

7. The deflection y^ and the gradient y^ at D in example 6 are 

aW W . a6(6-g)Tr 

^^~Z{a+b)Er ^1"" 3(a+6)^/' 

8. Show that a in § 68 is the length of a piece of the chain whose 
weight is equal to the tension at the lowest point or vertex of the 
catenary. 

9. Show that the tension at any point of the common catenary is 
equal to the weight of a piece of the chain whose length is equal to the 
ordinate at the point. 

10. If from i/i the foot of the ordinate at P in Fig. 36, a perpen- 
dicular is drawn to the tangent at P to meet the tangent at C^, snow 
that MG=^a and G^P=arc CP. 

11. The ends A^ B oi a chain are in the same horizontal and the 
chain bears a continuously distributed load, which is uniform per foot 
run of the span {w lb. per foot run). Taking the origin at the lowest 
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point of the chain and the y-axis vertical (upwards), show that the 
equation of the curve of the chain is y—wx^j^H^ where R is the 
tension at the lowest point of the chain. 

If the span AB=^h and if the depth of the lowest point of the chain 
below AB is c, show that the tension at ^ is 

12. If the half length s of the chain in example 11 undergoes a small 
change &, say through strain or through change of temperature, show 
that the amount by which the chain will sag is approximately 36&/4c. 

[Use the approximate value for «, namely «=6+2c2/36, given in 
Exercises IX., example 16.] 

13. A cord, whose ends are free, presses tightly against a rough 
cylinder along an arc AB^ the cord lying in a plane which is normal to 
the axis of the cylinder. If T is the tension at any point P of the cord 
between A and B and if d is the angle between the radii OA and OP 
(0 being the point in which the plane of the cord cuts the axis of the 
cylinder), show that, when slipping is about to take place, T satisfies 
the equation 

where /x is the coeflBcient of friction. 
If the tension at A is T^, show that T= Tie"^- 

69. Example firom Electricity. In this example the nota- 
tion of differentials will be used ; thus, if in time St the 
current i increases by Si, the increment of i is 8i while the 
diiferential of i is di, which is equal to (§ 22) 

-^dt. 
dt 

The equations obtained are all, ultimately, equations between 
limits, and the small errors due to writing the differential 
for the increment disappear. In practical work the 
differential is frequently used in place of the increment; 
thus, in §§ 37-40, dx, dy, dm, dW ... are frequently used 
instead of Sx, Sy, Sm, SW 

We consider the case of a variable current flowing in a 
circuit containing resistance and self-induction. At time 
t seconds let the impressed E.M.F. be E volts, the current 
i amperes, the resistance R ohms and the inductance 
L henries, R and L being constant. 

The energy communicated to the circuit in a short time 
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dt is Eidt joules. Of this energy the amount i^Rdt takes 
the form of heat while the amount iLdi goes to increase 
the energy of the magnetic field or, as is sometimes said, to 
overcome the counter E.M.F. due to self-induction. The 
energy communicated to the circuit is equal to the sum of 
these two amounts. Hence we have 

iLdi+imdt = Eidt, (1) 

and therefore, dividing by idt, we obtain 

L^^+Ri=E (2) 

as the equation connecting the various quantities. 

We discuss one or two simple cases, it being understood 
that E is either a constant or a function of t 

To obtain the integral of (2) divide by i, the coefficient 
of di/dt ; the equation takes the form 

di R, E .^. 

di+r^L (3> 

Now multiply by e^f\ where it should be noted that the 
coefficient of t in the index of e is the coefficient of i in equa- 
tion (3) ; we get, as can at once be tested by differentiation, 

l(-*)=f»" w 

and therefore, integrating and putting A for the constant 
of integration, 

ie"- =:A + \j-e''dt = A+f(t) (5) 

where f(f) is the value of the integral. 
Now multiply by e~^l^\ therefore 

js^ m 
i=:Ae''^+e'^f(t) (6) 

Equation (6) is the integral of equation (2) or (3). 
Example 1. i^= constant =iSJ) ; i=0 when ^=0. 
In this case f(t)^^fe^dt=^e^, 

and from (6) i^Ae ^+^. 
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When *=0, t=0, and therefore 

80 that *"'§(^"^"^) ^^ 

If we put L/R=' Ty then T (which, since the index of e must be a 
pure number, is a quantity of the same kind as t, that is a time) is 
called the tiine-oonstant of tlie circuit If Z=0'01, R=0% then T=^. 
At the end of ^^ of a second the exponential term is e~\ and the 
current is 

t=^(l-O = §(l-0-368)=:0-632^. 

As t increases, the exponential term in (7) soon becomes very small ; 
thus if <= J and 2^=^, the term =e-** = 0*082. The value of t there- 
fore very rapidly approaches the steady value Bq/R. 



Example 2. E^EQain pt where Eq is a constant. 

E r — 

In this case /(t) =-^ le^ sin ptdt 



m 



-v s, g (igsinjP^-joZcospQ .^.. 

-^ox R^+j^I^ W 

by § 62, example 1. 
A more convenient form is obtained by putting 

R=zhQo&$y pL=kam9y 

so that k=^{R^+p^L^, t&n e=^pL/R 

Equation (8) now becomes 

^'^^^ ° 7(g' +Vx^) "^ ^^^' ~ ^' ^^> 

and equation (6) becomes 

i=^e-"+ ^^^f^^ ^(pt-ff). (10) 

The exponential term decreases very rapidly and the value of i 
becomes, after a very short time, 

*= ^(ip^p>i^ ^^-^ ^"> 

The j^Aotf^-an^le of t, that is the angle pt—O^ is less than that of 
E by Vf which is called the angle of lag. When expressed in terms 
of time the phase of the current is said to be behind that of the 
electromotive force. 
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EXERCISES. XXIL 

1. If in § 69, equation (7), Iq is put for E^jR and if ij, 4» ••• denote 
the values of i for t equal to Ty2Ty ... , show that 

• • • • 

^=0-632, ^=0-865, ^=0*950, ^=0*982. 

*o *0 *0 ^ 

2. Integrate the equation 

given that 1=1^ when ^=0. Calculate the values iji^ iJiq, ... where 
hi ^2f ••• ^^^6 ^^6 same meaning as in example 1. 

3. The current t satisfies the conditions of example 1, § 69, from 
^=0 to ^=^] ; at time ti the electromotive force Bq ceases to act, so that 
i satisfies the equation 

from t=ti onwards. Draw the graph of i. 

4. If at time ti, in the case of example 1, § 69, the resistance is 
suddenly increased to Ri, where R^ is constant, show that for values 
of t greater than ti, 



5. Show that for the value of i in example 4 the product iR^ 
tends, as ^ is taken nearer and nearer to t^, to the value 

^(l-r^), or simply ^ 

if RtiJL is at all large. (Note, for example, that e~i®= 0*0000454.) 

6. In the case of example 1, §69, show that the quantity of 
electricity, §, that traverses the circuit in consequence of self-induction 
from ^=^1 to ^=^2 i'^ given by the equation 

o- -kC^'^Ut- -Mri)- -Mo^e-f - e-^\ 

If <i=0 and ^2 is very large show that 

where i^ is the steady value of the current and T the time-constant. 
Give the graphical interpretation of Q, 

7. Show that the work done against the electromotive force of 
self-induction in the case considered in § 69, as the current increases 
from zero to the value % is JXi^. 
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8. If i=l8m(pt-ha) show that 

Note that cos x = sin {x + ^/2). 

9. Find (i) the average value, (ii) the r.m.s. value of the current 
t (example 8) for a complete period. (§ 46, example 2.) 

10. For the value of i in § 69 (11) show that, ii R is very large 
compared with />Z, the value of i is approximately 

R 



t=-psinptf 



while if pL is large compared with R the value is approximately 

%— — jcoapt. 

11, Show that the energy communicated to the circuit during one 
period T(=2Tr/p) in the case of §69, example 2, is 



Jo 



T fV IP 2 



and that the mean value of Ei for the period T is 

12. If E and i are the r.m.s. values of E and i for the period T 
show that the mean value W/T in example 11 is 

'^=Exixco8$. 

13. In § 69, example 2, determine the constant Ail t=0 when t=ti. 
Work out the solution and represent it graphically if R=50, L=l, 

p=1000, pti — O—ir/Q. (Bedell and Crehore, Alternating Currents, 
p. 66. London : Whittaker.) 

14. A condenser of capacity C is charged till the potential difference 
(p.D.) of its plates is Vq ; the two plates are then connected by a wire 
of resistance R but of negligible inductance. If at time t the p.d. is F, 
the charge Qy and the current i, then 

and therefore CR^+ F=0. 

at 

t 



Show that (i) F= V^ en . (ii) /?= cioglvjVy 
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15. If in example 14 the inductance is Z, then 



Q=CV, I 



= -^ F= 



dt 



, V=Ri+L% 



and therefore 



cPV RdV 1 
dt^'^L dt^CL 



F=0. 



[This equation is of the form given in example 4, §62. In the 
of 



notation of that example 



k==R/L,fi=llCL, 



Hence if 4Z > CB^, V is periodic with decreasing amplitude, while 
if 4Z< CB^, V is not periodic] 

70. Double Integrals. The notation of double integrals 
occurs so frequently in elementary applications of the 
calculus to mechanics that it seems proper to give an ex- 
planation of it. The following problem, though it may be 
solved more simply otherwise, snows clearly the nature of 
double integration. 

Examfle, Find the second moment of an ellipse about an axis 
through its centre perpendicular to its plane. 
Let the equation of the ellipse (Fig. 37) he 

^/a2+^2/62=i (1) 




Divide the ellipse into a large number n of small rectangles by 
drawing two sets of straight lines parallel to the axes ; portions of the 
rectangles at the boundary of the ellipse will, of course, lie outside 
the ellipse. 

Let FQRS be a typical rectangle; OM=x, MP=y, MN=PQ=^. 
PS=82/yrect,PQRS=8x82/=8A. 



G.I.C. 



N 
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The second moment of SA is, approximately, OP^ . 8A which is equal 
to (a^+t/^)8Aj and therefore the second moment of the ellipse is, 
approximately, 

2(^+^2)3^ or 2(-^+2^^)&pSy (2) 

where the summation S is to be extended over all the n small 
rectangles. 

The required moment is the limit to which the sum (2) converges 
when n becomes infinite, each rectangle at the same time converging 
to zero. 

To obtain this limit we proceed as follows. 

/Vr«^, let a: and 8x be kept constant, and sum with respect to y. 
This operation will give all the terms in (2) that arise from the 
rectangles in a strip parallel to the y-axis ; if ;z?= Oif, 8x=MN it will 
give all the rectangles arising from the strip K'L'LK, When 8y 
converges to zero, the limit of the part of (2) thus arising is 

Sxj^Ja^+f)d^. (3) 

In finding this integral it must be remembered that ^ is treated as 
a constant. The integral will contain x (or OAf), MK and MK\ But 
by equation (1) 

Jf^'=-^V(«'-^), ifJr=+^V(«'-^, (4) 

80 that, on the whole, (3) contains ^ and the constants a, b. For 
brevity, let rjfj^ 

lJ'>^+f)dlf=Fix). (5) 

The terms of (2) arising from a strip parallel to the y-axis have 
therefore for limit F{x)hx, 

Secondly. Find now the limit of ^F{x)8x^ that is, find the limit of 
the sum of all the terms arising from the strips like K'LLK, The 
limit of this sum is 

^' F{x)dx, (6) 



/: 



a 
— a 



When F{pc) is replaced by its value (5), the integral (6) is written 
thus : /-a /-j^jf 

L^L <^+^>'^^' <'> 

which is called a doable integral. 

The mode of deriving (6) shows that (7), which is merely the fuller 
symbol for (6), means : — Integrate {x^-\-^) with respect toy from y—MK* 
toy—MKy treating a; as a constant during this integration ; then integrate 
the result with respect to x from x= —a to x—a. 

We might also find the limit of (2) by first keeping ,y and 8y 
constant. Instead of (3) we should have 

^ (^+/)ote, (8) 
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which arises from the strip C'CDU^ and instead of (7) we should have 

/h rEC 
dy\ (a^+y^dx. (9) 

In (9) we first integrate as to ^, keeping y constarU, from x=EC' to 
x^EC where by (1) 

and then we integrate the result as to y from y= —hto y = K 
The evaluation of (7) or (9) is not hard ; take (7), then 

We have now to integrate with respect to x from ^=— ato^=a. 
Since the integrand contains only even powers of x, the integral will 
be tmce the integral from ^=Oto^=a. To integrate, put :r=a8inw 
and we find 

= 4ah \ (a^ sinhi cos^i* + J62 cos%) du 

Jo 



^irah. — - — (11) 



The area of the ellipse is irahy and therefore the square of the radius 
of gyration is \{a^+}r). 
Instead of the symbols (7), (9) the form 

fj(:v^+y^dxdy (12) 

is often used. To make this symbol quite definite some phrase must 
be used to indicate the limits ; for example, " the integration being 
extended over the area of the ellipse," the particular method of 
effecting the integrations being left unstated. 

Enough has been said to indicate the general meaning of 
a double integral; for further details see the author's 
Calculus, §§ 135, 136. 



CHAPTER XIV. 



GRAPHICAL INTEGRATION. 



71. Graphical Construction of Derived Curve. In § 20 the 
meaning of the expression "derived curve" has been ex- 
plained. We now state a graphical method of tracing the 
derived curve of a given curve. 




Fig. 88. 



Let APB (Fig. 38) be the given curve, referred to OX, 
F as axes of coordinates. Through any convenient point 
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Of on the y-axis draw O'T parallel to OX, and take 0'X\ OTY 
as the axes for the derived curve. 

Let FT be the tangent at any point P on the given curve, 
and let OM=Xy MP = y=f(x) be the coordinates of P. If 
FR is parallel to OX and RT perpendicular to FR, then 

Now take a point U on O'X' to the left of 0' and draw 
Up parallel to FT to meet the common axis of ordinates 
at p. The triangles UO'p and FRT are similar ; therefore 

Op^RT^dy r.._dy ,.^, 
UO'^FR'^dx' ^P'dx'^^ ' 

Produce FM to cut O'X' at M' and draw pF* parallel to 
O'Z' to meet FM' at P'; then 

M'F'=Op=^.UO\ 

If the unit segment for the ordinates of the derived curve 
is taken equal to UO", then 

ax 

so that JIf'Pis the ordinate of the derived curve correspond- 
ing to the point P on the ^ven curve. The abscissa O'M' 
of P' is equal to the abscissa OM of P, and P, P' may 
be called corresponding points, MF, M'F' corresponding 
ordinates. 

To find the point corresponding to any other point Q on 
the given curve, draw Uq parallel to the tangent Q8 to 
meet the ^/-axis at q and then draw gQ' parallel to O'X' to 
meet the ordinate of Q (produced) at y^; Q' is the point 
corresponding to Q. 

In this way we can find any number of points on the 
derived curve and then, by drawing a fair curve through 
these points, the derived curve itseli. 

72. Integral Curve. If we denote any ordinate of the 
derived curve by y\ so that y'=f\x) = dy/dx where y or f(x) 
is the corresponding ordinate of the given curve, then the 
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r 



area (yM'FA' bounded by the derived curve, the two axes 
and the ordinate MP is equal to 

y'dx. 



But this integral is equal to /(a?)— /(O), that is, to 
MP^OA. In other words, the area bounded by the 
derived curve, the two axes of coordinates of the derived 
curve, and the ordinate at any point of the derived curve is 
equal to the corresponding ordinate of the given curve 
diminished by the ordinate at the origin of the given curve. 

In the same way we see that the area M'N'G'P' is equal 
to the ordinate at G diminished by the ordinate at P, namely 
NO -MP. 

With respect to the derived curve, therefore, the given 
curve is such that the difference between any two of its 
ordinates is equal to the area bounded by the corresponding 
ordinates of the derived curve, the a^-axis of the derived 
curve, and the derived curve itself. From this property the 
given curve is called the integral curve of the derived curve. 

Of the two curves APG, A'P'G' either may now be con- 
sidered to be the given curve ; if APG is considered as 
given, then APV is its derived curve, while if A'FG' is 
considered as given then APG is its integral curve. 

In the expression for the area, namely MP — OA, the 
term — OA is the constant of integration ; if the axis OX 
be drawn through A this term will disappear. In practice 
the origin is usually chosen so that the integral curve 
passes through it ; the ordinate MP then measures the area. 

Before stating a graphical construction for the integral 
curve we shall refer to the question of units (see also § 32). 
Expressing MP" explicitly in terms of U0\ we have 

JlfT' = ^. U0\ so that [wFdx^y. U0\ 

For both curves the aj-scale is the same, say a inches=l. 
Let the y-scale of the integral curve APG be b inches = 1. 
The scale for the ordinates of the curve A'P'G' is U0' = 1 ; 
let 170' = 71 inches. 

The value y . UO' therefore represents yxbn square 
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inches; y = l gives bn sq. in., y = 7 gives 7bn sq. in. and so on. 
If, for instance, the y-acale is 1" = 20 and if UO' =%"y then 
b = l/20, n = 3/4i and the value y = 7 represents 7x^Xf, 
that is l^ths of a square inch. 

If all the values are expressed in inches, then the number 
of inches in the ordinate of the integral curve multiplied by 
the number of inches in UO' ^ill give the number of square 
inches in the area, when the integral curve goes through 
the origin; if the integral curve does not go through the 
origin, it will be necessary to subtract the corresponding 
value of OA, the ordinate at the origin. 

We have chosen the unit for the y-scale of the curve 
A'P'iJ to be UO' ; it is easy however to make the necessary 
changes when the unit is differently chosen. 

73. Graphical Construction of Integral Curve. The follow- 
ing method of constructing an integral curve is based on 
that of § 71 for drawing the derived curve. 

On the aj-axis O'X' of the curve whose integral curve 
is to be drawn, lay off from 0" equal short segments 0'\y 
li2i, 2i3i, . . , and through the points l^, 2^, S^, . . . draw 
parallels to the common ^/-axis. (Fig. 39.) 

Let the ordinates at 2^, 4^ 6^, ... cut the given curve at 
2', 4', 6', ... and let 2'\ 4", 6", ... be the projections of these 
points on the y-axis; 0' is the point at which the curve 
cuts the 2/-axis. 

Let us take the integral curve that passes through 0; 
then the tangent to it at is parallel to UV, Draw 
this tangent and let it meet the ordinate through 1^ at 1. 

The tangent at the point on the integral curve correspond- 
ing to 2' is parallel to U2". Draw 13 parallel to U2" cutting 
2^2' at 2 and meeting the ordinate drawn through 3^ at 3 ; 
2 is the point corresponding to 2'. 

In the same way draw 35 parallel to ?74", cutting 4^4' at 4 
and the ordinate through 5^ at 5 ; 4 is the point correspond- 
ing to 4'. 

The construction may be repeated and we thus get a 
series of lines 01, 13, 35,... which are, approximately, 
tangents to the integral curve, the points 0, 2, 4, ... being 
their points of contact. 
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The point from which the construction begins is, of 
course, arbitrary but when that is fixed the integral curve 
is determinate. The position of the other points 2,4,... is 
approximate ; a discussion of the nature of the approxima- 
tion is given in the author's CaZculvjS, § 83. 
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The lines through Ij, Sj, 5^, ... parallel to the y-axis are 
often called median lines and the lines fTO', U^\ JJ^'\ . . . 
direction lines. 

It is difficult to draw a derived curve with any consider- 
able degree of accuracy, because it is difficult to draw 
accurately the tangent at a point on a curve. It is, however, 
easy to obtain great accuracy in drawing an integral curve. 

The integral curve of the integral curve is called the 
second integral curve of the given one ; the integral curve of 
the second integral curve is called the third integral curve of 
the given one, and so on. 

If P is any point on a given ciu've and P', F" ^ . . . the 
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corresponding points on the first, second, ... integral curves, 
and if y, y^, 2/2» ••• *^® ^^® ordinates at P, P', P", ... respec- 
tively, then the gradient of the first integral curve at P' is 
y, the gradient oi the second integral curve at P" is y^, and 
so on. This property of corresponding ordinates is con- 
stantly used in applications. 

The integral curve of a straight line y=h, parallel to the ^-axis, is 
the straight line y^ = bx, whose gradient is b. 

The integral curve of a straight line y=ax+b^ not parallel to the 
^-axis, is the parabola yi=iaa?2+te 

In each case the integral curve has been supposed to pass through 
the origin ; of course, if it does not pass through the origin there will 
be a constant term. 

74. First Moments. We shall now apply the method of 
graphical integration to the determination of first and 
second moments of plane areas ; the area is supposed to be 
bounded by a curve, the coordinate axes and an ordinate. 
We begin with first moments, and take the problem of 
finding the first moment of the area OABP (Fig. 40) about 
any axis in its plane perpendicular to OA. 

Draw O'PR the integral curve of OPB and let MF, 
N^Q be the ordinates corresponding to MP, NQ respectively. 
By the fundamental property of the integral curve, the 
areas OMP, ONQ are equal respectively to the ordinates 
MP', N'Q, and therefore the area of the strip MA^QP is 
equal to i\r'Q'-ilfP'. 

If y denote any ordinate of the given curve we shall 
indicate by y^ the corresponding ordinate of the first 
integral curve, by ^/g the corresponding ordinate of the 
second integral curve and so on; thus if MP = y then 
M'P' = yy We shall also use the notation of difierentials 

dx, dy, dy^, . . . instead of that of increments Sx, Sy, Sy^, 

(See § 69 and § 22.) 

Now let 
OM=x=ffM\ MN^dx^MN\ MP=y, MF=y^\ 

then N'q-WF^dy^. 

The area of the strip MNQP is equal to ydx ; but this 
area is also, as we have seen, equal to N'Q^MF. There- 
fore we have the important result 

ydx^dy^. 
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Similarly, we have y-^dx = dy^y y^dx=dy^y and so on; 
these results are in fact mere consequences of the definitions 
of the curves. 

(i) Let the axis of moments be AB, 

Through P', Q draw parallels to O'A' meeting AB at 
E\ F and OF at H\ Z"^ respectively. Let OA=a\ then 
MA^a-^x^FE'. 
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• Fig. 4a 

The moment of the strip MNQP about AB may be taken 
as MA.ydx, or (a — aj)y(i», which is equal to (a—x)dyi. 
But (a— aj)c?yi is equal to FE\E'F' which may be taken 
as the area of the strip FE'F'Qf, Therefore the moment 
of the strip MNQP about AB is equal to the area of the 
strip FE'F'Q\ Hence the moment of the whole area 
OABP about AB is the sum of the strips like FFFQ\ 
that is, is equal to the area O'A'BF of the first integral 
curve. 

(Note that, when the area OABP is divided into strips 
by a series of ordinates, to each of these strips like MNQP 
will correspond a strip of the area O'A'FF like FFFQ' ; 
integration for the first moment is reduced to integration 
of the strips of the area O'A'B'F. Similar correspondences 
will be met with repeatedly in this method of graphical 
integration.) 

(ii) Let the axis of moments be OY, 

The moment of the strip MNQP about OY is x. ydXy or 
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xdy^, which is equal to the area of the strip H'P'QK' of 
the area (yP'WG', where C is the point on F at which the 
parallel through B' to A'O' meets OY, Hence the moment 
of the whole area OABP about OF is equal to the area 
0'FRG\ 

(iii) Let the axis of moments be LL'I)\ any line per- 
pendicular to OA and not intersecting the area OABP, 

If (yA\ C'E are produced to meet LUU at L\ U it is 
easily seen that the required moment is the area LUB'P'\ 
the proof is precisely the same as for case (i). 

(iv) Let the axis of moments be MP, any line perpen- 
dicular to OA and intersecting the area OABP, 

The moment of the area OMP about MP is by (i) equal 
to the area O'M'P' ; the moment of the area MABP about 
MP is by (ii) equal to the area PER, where R is the 
point at which MP meets G'R. Therefore the required 
moment is the differenfice of these areas. 

75. Various Constructions. The moment in case (i) of 
§74 is the area O'A'B'R of the first integral curve, and is 
therefore equal to the ordinate of the second integral curve 
corresponding to A'R or AB, For the sake of clearness 
we shall draw the second integral curve in a separate 
diagram, retaining O'A' as the aj-axis ; points on the second 
integral curve will be denoted by letters with two accents : 
thus, P" corresponds to R on the first integral curve and to 
P on the given curve. (Fig. 41.) 

(a) Centroid of Area. Let the tangent at jB" to the 
second integral curve cut O'A ' at Q" and 0' F at V" ; the 
centroid of the area OABP will lie on the ordinate 
through G\ 

From the figure, the gradient at R' is A'R'jG^A' ; but 
the gradient at R' is also equal to A'R y the ordinate at R 
on the first integral curve. Hence 

A'w — -^^ r^^ n" A^ ^-^^ 

TvTT/j or It -a. — - Atuf 

But A'R is equal to the area OABP, and A'R' is equal 
to the moment of that area about A'R^ so that the centroid 
lies on the ordinate through Q'\ 



204 



INTRODUCTION TO THE CALCULUS. 



(b) Moment of Area about OY. In case (ii), §74, the 
moment is equal to the area O'P'BG' (Fig. 40), that is, to 
the rectangle O'A'EC diminished by the area O'A'BF'. 

Now, the integral curve of the straight line G'B is the 
straight line through 0' parallel to the tangent G"B"\ if 
this straight line meet An produced at h" (not shown in 
figure) then A'V will be equal to the rectangle (yA'RC. 
From A'U' subtract A'E\ which is equal to the area 
O'A'BF', and we obtain Bh" as the line which represents 
the area OTBC ; but E'V is equal to Yy\ and therefore 
Y"(y represents the area CfBEG^ that is, the moment of 
045P about OF. 




Fig. 41. 



(c) Moment of Area about LL\ Let Q'*E' be produced to 
meet the axis LU at U , and let the integral curve (Yh" of 
G'E be produced to meet LU at V (not shown in figure). 
The line L'V will be equal to the area of the rectangle 
0'UUG\ Also, LT is equal to Y"0' which, as we have 
just seen, is equal to the area O'P'BG'; therefore LT — L'T, 
that is, rr is equal to the area O'LUBF. Hence UL" 
is equal to the moment of OABP about iZ'. 

(d) Moment of Area about MP. This moment is the 
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difference of the areas (XMT' and P'RR (Fig 40). Suppose 
OWr less than rRR; the moment is then rRR- UM'F. 
Now O'WF^MF'' (Fig. 41). Also FBE is equal to 
the rectangle MA'EE diminished by WA'BF. But the 
rectangle is equal to MA' x A'B, and MA'EB is equal to 
A'B'^Mr. Therefore 

BBR-0'M'B=MA'xA'B-(A'B'^MT")^M'B' 

^M'A'x^.-A'B, since ^'5'=^^ 

=~^,{MA'^G"A') or "^..M'O". 

If P"M' be produced to meet VB at JS", then 

A'B':&'A' = E'M:MG'\ 
so that P'^'iJ'- 0'MB=BM\ 

When the axis passes through G" the moment is zero. 
We have thus another proof that the centroid of the area 
lies on the ordinate through G". 

Oeneral Bule. By examining the various cases we see 
that the moment of the area OABP about any axis per- 
pendicular to OA is equal to the line intercepted on the 
axis between O'A' and the tangent VB to the second 
integral curve at B\ 

(6) Moment of Strip MNQP about AB and about OT. 
Let the tangent at F' meet AB' at T" and O'Y at f 
(Fig. 41). Then, by the general rule applied to the area 
OMP, the moment of OMP about AB is AT. If the 
tangent at Q" (Fig. 42) meet A'B' at T\, then the moment 
of UNQ about AB is A'T\, Hence the moment of the 
strip MNQP (the difference of ONQ and OMP) about AB 
is rT\ (Fig. 42). 

Similarly it will be seen that if the tangent at Q' meet 
O'F at t\ the moment of the strip MNQP about OF is t\t\ 

76. Second Moments. We shall find the second moment 
of the area OABP (Fig. 40) about any axis perpendicular 
toOA 

The second moment about AB is, the previous notation 

being retained, fa 

I (a^xfydx. 
Jo 
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Integrating by parts, we find 

But (a — a;)2 = when a; = a, and yi = when aj = 0, so that 
the integrated part is zero. Integrating again, we find 

Ca r ~\a Ca Ca 

J {(i-xfydx = ^{a'^x)y^^ +2j y^dx:=2^ y^dx. 

The moment is therefore twice the area O'A'W of the 
second integral curve, and is therefore equal to ^A'B" where 
A'B" is the ordinate of the third integral curve correspond- 
ing to AB, 

We have given this proof because of its simplicity ; we 
shall however discuss the various cases in a manner similar 
to that adopted in §§ 74, 75. 




Fig. 42. 



(i) Let the axis of the moments \^ AB. 

The second moment of the strip MNQP about AB is 
(a—xyydx, that is (a—x) . (a'-x)ydx. But {a'-x)ydx is 
the first moment of the strip about AB, and is therefore, 
by§75(e), = rTV 

The area (Fig. 42) bounded by the arc P^Q'y the tangents 
P"T\ q'T\, and the line rT\ may be taken as a triangle 
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with vertex P" and base T"T'\ (any error due to this 
approximation will not affect the limit of the summation 
which gives the moment of the whole area OABP). The 
altitude of this triangle is a—x, so that {a^x)y.T"T'\ is 
equal to twice its area. 

Hence the second moment of the strip MNQP about AB 
is twice the area F'T"T\q\ 

Proceeding now as in § 74 (i) (see the remark made at 
that place) we find that the second moment of the whole 
area OABP about AB is equal to twice the area O'A'B!* of 
the second integral curve. 

(ii) Let the axis pass through the centroid of the area 
OABP. 

Let Iq denote the second moment about the axis through 
&' parallel to AB ; we know [§ 75 (a)] that this axis passes 
through the centroid. Then, by §39, Theorem 2, Iq is 
equal to the moment about AB diminished by the product 
of the area OABP and 6"A\ 

But the area is equal to A'B, and A'B' x Q'A' is equal to 
A'B' \ therefore 

Iq = "LO'A'B'F' - G"A' x AW 

= 20'A'E'F' - 'iLQ"A'B' 

^WGf'B'P", 

(iii) Any axis perpendicular to OA, 

Let the axis be, for example, MP or MP"\ then th« 
moment is equal to Iq^A'B x M'G'\ But A'B X WG" is 
equal to B'My and therefore A'BxMG""^ is equal to 
E'M X MG'\ that is, to twice the triangle MG''E\ Hence 
the moment about MP is equal to twice the area ffG"B'P'* 
together with twice the triangle M'G"R\ 

Similarly the moment about OF is twice the area 
O'&'BT" together with twice the triangle O'G'T'; the 
moment about LB is twice the area O'BB'B'P". 

Tl. Construction for Second Moment. Let the integral 
curve of the straight line y"G"B" be constructed with G" 
as origin, and let B" be the point on the integral curve of 
O'F'B' (that is, on the third integral curve of OPB) cor- 
responding to B. (Fig. 43.) 

The ordinate A'B" is equal to the area O'A'B^ and the 
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ordinate A'b''' is equal to the triangle G'A'B'. Hence V''R 
is equal to the area 0'G"E'P"y that is, to ^Iq* 




Fig. 48. 

Draw (y''A'" parallel to 0'A\ at a distance below O'A' 
equal to b'''R''\ then the second moment of the area OABP 
about any axis is twice the line intercepted on the axis 
between (/"A"'' and the parabola p'"Q%"\ For example 
the second moment about if >"' is 2 Jf >'". 

78. Beferences. The method of graphical integration 
has in recent years been extensively applied in the treat- 
ment of problems in mechanics, but the discussion of its 
various uses would lead us far beyond the scope of a 
mathematical text-book. It is hoped however that enough 
has been said to enable the student to apply the method in 
his further studies. A few references are here given. 

The standard work is the book of M. Abdank- 
Abakanowicz, Lea InUgraphea; la courbe integrate et see 
applications (Paris : Gauthier-Villars), of which there is a 
German translation by Bitterli, Die Integraphen (Leipzig : 
Teubner). This work contains a full description of the 
Integraph — ^an instrument for tracing integral curves. 

An article by Prof. W. F. Durand in the Sibley Joui'Tial 
of Engineering, January, 1897, and an article by Mr. John 
Q. Johnstone, The Uses of the Integraph in Ship Galcula- 
tiona, in the Tranaa^tiona of the Institution of Engineers 
and ShipbuHdera in Scotland, March, 1904, will also be 
found useful. 
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Exercises. I. Page 17. 

1. 2, 0, 8, 14. 2. 1, l|, |. 

5. 3a2a^+2a(36+l)a;+362+26-l, Sx* + 2x^-1, Z3fi+2x^-l. 

4. 0, 0-6, 0-7373, 1. 6. 4, 3, -4, 4686, 4948. 

7. 3. 8. a. 9. 3aV + 6 + 3aa:i5a:i + a(5a;i)2. 

10. 3aa?i2+26a:i+c + (3aa:i + 6)5a;i+a(5xi)«. 

-- 2x^-\-8xi -o 1 , /, 5ari\ -, ,^a:i/10**i-l\ 

14- iA-»i/ 10"^'-U 15- (i) 0*851, 0-857, 0860 ; 

\ dxi /* (ii) -0-691, -0-685, -0-676. 

16. (i) -0-521, -0-516, -0-504; 17. (i) 1374, 1361, 1347; 

(ii) -0-721, -0-728, -0-734. (ii) 2-088, 2-129, 2166. 

20. COB a;, sec a?, 10*+ 10"*, (10*-10~*)/x are even; the other functions 
are odd. 

Exercises. II. Page 31. 

1. 5. 2. 5. 8. Sx. 4. Sx. 

6. 14a;- 12. 6. 11 -4a:. 7. 9ar«-8a:-l. 8. -4a;+12a:2_20aJ. 
9. 2x + 3. 10. 12a: + 5. 11. 3a:»+12x+ll. 12. 2acx+a/+6c. 

18. i_J_. 14. 2x-%. 16. 4 + 4 16. a-^. 



x^ a^ ' x^ ' x^ 

1 



17. 6a: + 2-:i. 18. 6(2a;+l)«. 19. 10(2ar+l)*. 20. -3(1 -a:)^. 



21. -4(3-a.)3. 22. .^, 23. ^,. 24. -^, 

26. ,^ 1 ,v 26. ,.J ^. . 27. — ..^^ ^., . 28. ^ 



(3 - ar)3* •"• ^(2a;+3)* '* sJi^+Sf ^{2-Sxf 

29. 2a:-5. 30. l--i?--. 81. 10-6<. 82. -5^. 

G.I.C. O 
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"^ -2^7(3Jr4)B- ^»- 3(2«-5). 89. a - ^^. 40. -:^. 

41. x3 + ^-ar. 42. ^ + a:+-. 48. ^-~. 44. 2<^a;. 

2 2 07 3 22; ^ 

46. 4^a: + -7-- -r. 46. ' ^ . 47. ^ — jr—^. 

48 ^ 49 2s/(3a:+2) 1 

**• "3(3^T2)- ^^' 3 ^ "2(2a:-3)' 

Exercises. III. Page 39. 

1. Max. 28f at a? =2^. 2. Max. 21 J at a?= l|. 

8. Max. 4 at a;= - L 4. Max. |- at x = 5^. 

Min. Oat 07=1. Min. -6atx = 2. 

Point of inflexion (0, 2). Point of inflexion (j, - 2f )• 

8. Max. 17 at 0;= - 1. Min. -10 at a;=2. Point of inflexion (^, 3^)- 

6. Min. - 30 at x= - 1. Max. 2 at x= 1. Min. - 3 at a;=2. 

Points of inflexion ("tl^, ^m^J^\ f^J^, _^j:^\ 

VS' 27 /V3' 27/ 

7. Min. - 11 at a:= 1. Points of inflexion (0, - 10), (|, - lOjy). 

8. Max. 11 at xsl. Min. - 17 at x=3. Points of inflexion 

(0, 10). (3^, »7±|^). (3^^. lIr3V3). 

9. Max. \l at a;=i. Points of inflexion (0, 1), ( - 1, 0). 

10. Max. jWt at x=f . Min. at a;= 1. Points of inflexion 

(0 0) (^rj^A 1656 + 84v^3 \ / 6 + V6 1656 - 84^3 \ 
\ » ;, ^- jQ , 100000 /' V 10 • 100000 / 

11. Max. ?:^ at x=^-^^ 12. Min. -6^/3 at a:= -^/3. 

Min. -?^ at ar=— ^ Max. 6^/3 at a;=^3. 

Point of inflexion (2, 0). Point of inflexion (0, 0). 

18. Max. 20x at a;= - -^- Min. at a;=0. Max. 20r at »= -^ 
Points of inflexion (-^. l^^ (^6. *^y 

14. Min.-li^'^l«at«=-3<L5 Max. y58VJ« at x=345. 

Points of inflexion 

m ft\ /" V''^0 5103^/30 \ /3V30 6103x/30\ 

^u,u), ^ io-» ""loocrj' VTo"' "TOOO"/ 
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15. Max. - 9 at 2?= - 3. Min. 15 at x=S. 

16. Max, - 1 at x= ~ 1. Min. 7 at a;=3. 17. Min. 9 at x=2, 
18. Max. -20ata:=l. Min. -23 at a; =2. 

Points of inflexion where a?= - A/ -7- a^id a/"T' 
Z^^d;'^d. 25. J(a + 6-\/a2-afc + 62). 26. 3» x 2" x (|y. 

27. 5»x33xa% (^?r(.vy< top; a'»6n^(!?^n 

unless — =:Il or a =6. 

m n 

Exercises. IV. Page 45. 

1. 2dx. 2. adx. 8. 6xdx, 4. 2aa%2r. 

6. 2xdx, 6. 2a:da:. 7. -2a:rfa:. 8. (6a:-4)cte. 

9. (2aa; + 6)da:. 10. ^r^dx. 11. __i-^cfa;. 

12. /'2aa: -- ^) rfa:. 18. w (aa:«-i--A_W. 14. ^a^. 

16. ^(a; + l)2. 16. ^ (3a: +1)8. 17. -i 

a; 

18. 2Var. 19. --^. 20. - ^ 



n/»' 0-4t;°*** 

21. -^. 22. 2N/;7+r 28. ^:^u^+2u-^y 

24. ^1*. 26. fN/y3 + 2Vy. 26. 3a;2-a:-3 + (6a;-l)rfa:. 

27. 1-5516. 28. 21378. 29. 21889. 

87. 6;0. 88. 120a:2-90a;+24; 240a:-90. 

89 2 6 40. 1. _?1. 

X* X* 7^ 7^ 

41 2 . 6 42 6_. 24 

• (a;+l)8' (a;+l)4* * (a: + i)*' (a;+iy 

^o 2c 6d 6c 24d AA ^ 3 



45 3 15 4g n(7t + l) w(n+l)(w + 2) 

• 4^/a:»' 8^/a:7* * a:«+2 ' a:«+8 

47. 2a2-12aa:+12a:2; - 12a + 24a?. 

48. 6a; («» - ea^a; + lOaar* - 5ar») ; 6 (a» - 12a2a; + SOoara _ 20aH»), 

49. (0,3). 60. (0,5). 61. (-tV"*"^®' 



5S.(-2.0, ''''•(^-.SX^'-S} 



G.i.c, gg 
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Exercises. V. Page 54. 

1. (i) 400; 300-32^. (ii) 0; -32. (3760, 1406i); 1"^^; f- 

2. (i) CT; V-gt, (ii) 0; -,. (^, ^), ^.^-; -J. 8. ag. 

4. -dNjdt is the time-rate of decrease of the number of lines that pass 
through the circuit ; or the time-rate at which lines are withdraton 
from the circuit. 

8. . f. o. » 9. - . f .. . 10. ^^ 



11 ^ 12 «a^ la ___JE__ 

14. _n^ ... 16. ..^,^-^ ,.. 16. 2-3X 



^(a;a-t-2a;-3)' V(3ar»-4a?-t-6)' V(5-H4a?-3ar»)' 

3J. 6(1 -a?) g, 2<Kg+& 29 2ig 

• ^/(5a:»-10a:+6)»• **' ~ 2 V(aa;a -i- 6a; + c)»' 3»/(ar»-f If 

'^^ 24. °^ 26 - 3aa:*+6 



4^(aa:3-|-6)»' '^ ~ t/{ax»+b)*' ~ Si/{ax^+bx+cf 

3aAa^-{-2{aB+bA)x + aC+bB. 27. 4a:»-20a;. 

23. 3a:»-|-12a?-f-lL 29. 2 (2a; -1) (3a:-*- 4) (12a; + 6). 

80. {ax+b){cx+d)^{5acx+2ad+Zbc). 

81. {A3i^+Bx+C){5aAsi^+^Bx + 4Abx + aG+2bB). 
l-2a^ 88 ^'+3x-f-8 -- a«-aa;-2a;2 



^(l-ar^)- -• ^/(a;a + 4) * "'* v/(a2-ar») ' 

M 2tt^ig' + -^&a? + ag M (3a?4-4)(18a;»-H53a;-12) 

^' ^{At^ + B) ' ^' 2;v/(aJ» + 3a;-2) 

OT 2a;-*-l j.^ -2 ,jj ad -be 

^' ^s/{x + S){x-2) • (6^+6?* ''"• (ca;-f-rfr-- 

411 l-2a;-a;a 2a; --^ 1-6^-8^ 

• (a;2-hl)» ■ **• (^^+1?* **• (2+5^+^' 

-o 30x«-f8a:-8 .. x+2 .- 1 

48. — irrs jo-« 44. pr— r; z-Ti. 46. 



a;«(2-x)» • ''• 2^/(a; + l)»* ™- (a;+l)V(a^-l)' 

-g l-g' -- 6a?-f2c 

• (a;»-a;-fl)V(a;*+a;*+l)" 2^/(aar»4-6a; + c)8' 

48. ''^ "^ + ^'^ j7 + wv -jT cubic feet per sec. Formula ( J5' ). 

49. (i) 47r feet per minute ; (ii) 40t square feet per min. 
60. 2irxv square feet per min. 

^1. (i) 8ira;i; s(|uare feet per min. ; (ii) 4jra;2t; cubic feet per min, 
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62. -— - feet per min. ; — ;, feet per min. 58. i foot per min. 

64. Max. 2^; Min. -^^-. 66. Max. ^a^; Min. -^a^. 

66. Max. ^^ ; Min. 0. 67. Min. - J ; Max. J. 

68. Neither maximum nor minimum ; but the function has 1 for upper 

limit and - 1 for lower limit. 

69. Min. ^ ; Max. 3. 80. Min. - ^ ; Max. 



2{a-h)' 2(a + h) 



61. Max.|^a* 62. ^d; '^d. 

64. a/V2. 66. AP:PB=a:b. 

66. |tt*; i{aP+2x+2)k 67. u^ ; \{ix^+3x-2)\ 

68. -iw*; -i(3-a;2)^. 69. ^w*; ^(aar^ + fe)! 

70. J-; v'(a:»+l). 71. J-; i^(2a:2-4a?+l). 

2tta 4m* 

72! l,;2^iax^ + hx + c), 78. ^; 2(a:r« + &i 



^i' -^^ • " 3a' 9a 

-l-(aar» + 6a;+c)«+^ 76. w"; -L^ 

w+1 w+1 



74. M»; _l_(aar» + 6a;+c)«+^ 76. w"; _L_ [/(a:)]«+i. 



Exercises. VI. Page 63. 

1. X. 2. ^or^. 8. ^a^ + x. 4. a~*+a:. 6. Jar^+|a:. 

6. iax^+bx. 7. |a;3_3a;2+4a;. 8. |«8-fa?+2a:. 

9. far* -42^^+20:. 10. ^aar» + ^6a;a+ca;. 

11. iaAx^ + i{aB+ Ab)x^-hhBx. 12. ^ar^-^^a:*. 

18. 3a: + |ar» + ^ar*-|ar*. 14. iax^ + ^bx^ + icx^ + dx. 

16. §V^. 16. 2^x. 17. -I 18. -qtj^. 

1 2 

19. log(a:+l). 20. -— ^. 21. a;+21oga:. 22. loga:--. 

e>\ x+l ° X 

23. 3a;-21oga:-i. 24. aa: + 6 log a? - -. 26. i(2a:+l)*. 

X X 

^- - M2^+lf ^' ¥x/(2a: + 3)3. 28. ^{2x+S). 

29. J?- V(aa; f &)'. 80. ?^(aa; + 6). 81. ^log(2a;-3). 

3a a 

82. -|log(3-2a:). 88. a:+21og(a;- 1). 84. a; + flog (2a; -3). 
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86. ^-a:»+ac»+51og(a:-l). 

40. ilog^. 
12 '^2a;+3 

48. ilog{x^-a% 

46. log(x-l)+Ylog(2a;+3). 



2 



4 ^a:+2 



86. |aJ-ia:3+14a:-261og(a:+2). 
a:-2 



89. -l-log^"^*^ 



2^/3 °a;+V3 

44. 41og(x-3)-31og(a;-2). 

«/• 1 1 x-a 
46. rlog -.. 



47. _L^[alog(x-a)-61og(a:-6)]. 48. log l^l|M|__?). 



49. log^zl + 1. 
a? X 



60. log 



a:+2 



8 



61. y=6x-^3e^. 



05- 1 a?-l 
62. y=iaa^+bx+c, 68. y=lar»- Ja:»+5^. 64. y=^a^+^+^- 

65. y = Ja:'+^a:*+a?. 66. a:= Fitcoso ; y= F^sina-^f/^'. 

67. x=VtcoBa; y=Vtsma-^gt?. 68. J^=|ifcTO(a«-a:2). 69. E= 



km 



I 1 iir/s 

61. ^/y=lir{32Ar-*c>}; ^*. 



te 



48 

to 

24 

w_ 

24 



68. EIy='^{Lhi-2Lx' + st*); ^""^^ 



384^7' 



68. EIy=^'.xHL-x)^; "^^^ 



1. |log(a:»+a2). 

8. ^log(cu»2+2&a;+c). 

6. -V(3"a:*). 

7. ^V(ar»-2aa:+62)8. 

9. |V(i»'-l)». 
1 



384^/* 

Exercises. VIL Page 67. 

2. ^log(a^+2ax+b% 

4. -iv/(3-x«)8. 



11. - 



x^-Sx+S' 



6. i-^(aa:2^.ft)3. 
3a 

8. ^{ax^+2hx-hc). 

10 -_1— 
• 2(x2+a2)* 

12. -^(3a:2_i4a. + io). 



18- TfT(l6ie«-12r + 8K/(a:+l)», or, ^{I5x^+3x^-4x + sy{x+l). 
14. iV(6ar+13)V(aJ + 3)', or, TS^(6a:2+ 313.^.39^(2. +3), 

16. ^j{5x^ + ex^+Sx+lQ)J{x-\). 16. n/(o^ + ^)^. 
(?ii+l)7ia n+1 
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19. log/(a:). 20. ^-^{Z^-2y{a^+lf. 

o, 2 (a?+2) oo 2(fu? + 26) 

7(^+1)' ' aV(aa:+6)' 

23 ^ 3d ^ 

• ^/(ar»4-l)• aM^^^ + a^)' 

25. .. .^+^ , . 26. ^+« 



^/(ar» + 4a;+5)* ' {b''a^)J{x' + 2ax+b)' 

Exercises. VIII. Page 75. 

1. 4. 2. 36. 3. 17i 4. 21. 6. -63f. 

6. 5. 7. -190. 8. 0. 9. |. 10. ^. 

11. If. 12. 662^. 13. t;\. 14. ^^' 

16. ^^. 16. 2. 17. 2. 18. 3tV 

19. 2log2=l-.3863. 20. log^-^. 21. log4=l-3863. 

22. ^Iog5=0-8047. 23. Jlog V-=0-1905. 24. -J- log 3 =0-5493. 

26. |y.-gj^]. 26. 32|. 27. 2| 28. ia\ 29. a. 



84. 98iVy. 35. 58i 86. i. 87. |. 

88. ta;i3+2cA. a=yL±|L;:^^; 6=^'^-^M c^^p^ 

41. c^log^. 42. * /_L__ JLA. 48. I i {iC2"+* - a?i"+M. 

44. csjl-lj; c8. 45. vab. 

47. (i)-; (ii)x; <iii) ^^i^; iiy) -J^±^^Z^, 50. -^l. 

t2 8 16 12a 

Exercises. X. Page 100. 

7. (i)f A; (ii)f*. H. T-^a*. 12. fjfa*. 

18. Jjfa«. 14. if(f oa+c«). 15. Mf^^^\ 

16. (i) itf|'; (ii) Jfg + f]. 17. Jf^l 

18. (i) ^j^Ma^; (ii) /^if(a2+4^2). 19, (jj JjlfAa. (ii) ^iif^2. 
21. 42610 foot-pounds ; 72°. 22. 7980 foot-pounds ; 93° F. 



216 INTRODUCTION TO THE CALCULUS. 

23. p,Vi(l-'^\ log^. Note that, by §40, example 1 (6), the totcU work 
\ ^1 / ^1 
done during adiabatic expansion and compression is zero ; also 

that, by §40, (ii) (iii), vjv^=vjvi. 

Exercises. XI. Page 107. 

1. 2oos2a:. 2. -28in2a;. 8. 2cos(2a; + 5). 

4. -2sin(2a: + 5). 5. -co8(3-a:). 6. sin(3-a;). 

7. icos(^a: + jT). 8. -^sin(la: + ^T). 9. -2 cos (3 -2a;). 

10. 2 sin (3 -2a;). 11. 5 cos 5 (a; - |x). 12. - 5 sin 5 (a; - |^x). 

13. ^co8^(ar+2). 14. -|: sin— (a: + 2). 

16. ^Icos— (a:+6). 16. -^^sin— (a;+6). 

17. 2 cos 2a; cos ar - sin 2a; sin a;. 18. cos 2a; cos x - 2 sin 2a; sin a;. 

19. m cos ma; cos na;-n sin ma; sin na;. 20. mco8ma;sinna; + nsinma;cos7ia;. 

21. 3seca(3a;-4). 22. - 3 cosec2(3a; - 4). 

23. -2cosec(2a;-3)cot(2a;-3). 24. 3sec(3a;-2)tan(3a;-2). 

25. sin a; + a; COB a;. 26. cos a; - a; sin a;. 

27. 2a;sina; + ic^sa;. 28. 2a; cos a; -a:^ sin a;. 

29. a; cos a;. 80. a; sin a;. 31. cos^a;. 82. sin^a;. 

88. cos'a;. 84. sin^a;. 86. tan^a;. 

^« ^ „ -,- cos a; sin a; ^^ sin a; cos a; 

36. tana;+a;secfa;. 87. «-. 88. 



a? a» X Jv 

2 sin a; m< 2 

(1 + sina;)"* ""' (l+cosa;)^* * 1+ sin 2a;* 

1 cosec^ 



89. --2£2^^. 40. _l«Ef_ 41. 2 

X 

42. - 4 cosec ;r- cot -. 48. a;38ina;. 44. 4a;Bin2r. 



Exercises. ZII. Paoe 110. 

1. -3sin(6a;-4). 2. 12sin2(4ar-l)cos(4a;- 1). 

8. -4acos'(aa;+6)sin(Gw; + 6). 4. na sin" " ^(aa;+ 6) cos (aa;+ 6). 

5 cos a; a -sin 2a; ** n • a. o • a q 

. ^ , . — . o. — ; --. 7. 2 sm a; cos*a; - 3 sin'a: cos'^a;. 

2;^sin X i^cos 2a; 

8. mdin"*"*a;co8*'+^aj-nsin"*+^a;cos*»"*a;. 9. 



-cos a; 



sin^a; 
m -2cosa; «« l+sin% «« sin"*'*a;(mcos*a; + wsin^) 

lU. : — 5 . XX. . 1«. — ^ . , 

sm'a? cos'a; cos**+^a; 

18. 2tana;sec^. 14. 2 sec^a; tan a;. 

15. 2atan(aa;+&)8ec^aa;+&). 16. 2a;tana;(tana;+a;sec^). 
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It. 2a;sin%+a^in2a;. 18. 2a3 cos^a: - 3 Aos^a; sin sc. 

19. wa;»*~^sin**"^a:(sina: + aJCOsa:). 20. ?ia^"^cos*'"^a;(cosa?-a;sma;). 

21. Min. whea a?=0, ir; Max. when a;=ir/2, 3ir/2; Inflexion when a;=7r/4, 

37r/4, 5t/4, 7^/4. The period is n-, but in this and the following 
examples the values in the range from a;=0 to a;=2ir are given. 

22. Max. when x=irl2; Min. when x=Svl2; Inflexion when x=0, 0*955, 

2186, TT, 4097, 6-328. 

28. Min. when x==0, tt; Max. when a;=ir/2, 3ir/2; Inflexion when a;=ir/3, 
2t/3, 4ir/3, 5ir/3. 

24. Max. when x=0, v; Min. when x=v/2, Sirft ; Inflexion when x = irl^, 

37r/4, 5^/4, 7ir/4. 

25. Max. when x=0, 2t ; Min. when x=ir; Inflexion when a; =0*616, 7r/2, 

2*526, 3*757, 3x/2, 5*668. 

26. Max. when x=0, x ; Min. when a;=n-/2, 3ir/2 ; Inflexion when x=irfi^ 

57r/6, 77r/6, ll7r/6. 

27. Min. when a;=0, x ; no point of inflexion. 

28. Inflexion when a;=0, x ; no turning value. 

29. 2cos22;. 80. -2cos2a;. 
31. 2sec2a?(sec2a:+2tan2a;), or 2(1 + tan2a?) (1 + 3 tan^a;). 

82. -(34 sin 5a; cos 3a; + 30 cos 5a; sin 3a:), or -2 (sin 2a; + 16 sin 8a;). 
88. -(34 cos 5a; sin 3a; + 30 sin 5a; cos 3a;), or 2(sin2a;-16sin8a;). 

84. 2?nncosma;coB7ia;-(m^ + 9i^)sin9na;sin7ia;, 

<yr ■^(w+7i)*cos(m + 7i)a;--2-(m-»)2cos(w-w)a;. 

86. - 2mn cos ma; sin na;-(m'+ to') sin ma; cos Tia;, 

<yr -\{m + n)^^m{m+n)x-^{m-nfBm(m-n)x. 

86. a'»cos(aa;+6+^ J. 

87. 2«-isin(2a;+^^l|Y or -2»-icosf 2a;+^j. 

ofi 3 . / . nx\ 3'* . /^ , TOx\ 

88. -sin^^a;+ 2-j--^sm^^3a;+-2-j. 

89. -2"-isinf2a; + TO^^j, (xr 2«-icos(2a;+^)- 

^3" /o , wx\ , 3 / ^TOX\ 
40. .^_cos^^3a; + -2-j+^cos|^a; + -2-j. 

42. 54* 44' ; 125' 16'. 48. 1. 49. a*co8«tft. 

50. 1. 61. o'cos^M. 62. 2. 

68. \{J)-a)Hm^2u. 64. 2a8sin«tt. 66. 1/6. 

Exercises. XIII. Page 117. 

1. 0*5403023. 

1 1 (2x)** 

6. a^-3a?*+...+2(-l)""^]j2TO)T"*''"* 
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7. (i)i-a^+^«^-...+5(-i)"S+ ••; 



(2n)! 

(o gan+lx rJin+l 



3 
2 



(Ui) 1-2^ + f -... + (-l)-g + ^)^-^, + ...; 

(iv) 3x-6^ + =--...+^{-in4^+^+^+^)r^-^+ 



8. 



1 
IT' 



5 
9. 2. 



10. 2. 



(2w+l)! 
11. 1. 



12. 128/81. 



Exercises. ZIV. Page 122. 



1. - 1^ COB Sx. 

. a 2ir , 
4. -s-COB — (x + o). 
2ir a 

X 1 

7. S+^8m2(«c+a). 
2 4n 

10. — J 008*3:. 
18. I. 

18. f. 

29. ^a*. 

10 

88. |a2. 



2. cos(l-a;). 

8. tan oj - a:. 
11. ^*an^. 



8. -sm(l-a:). 

6. ^-j-6m2(nx+a), 

9. i sin^. 



12. -^cotsa:. 



T 
14. |. 



15. 



T 
2* 



16. |. 



19. 



3t 
16 



20. 0. 



80. ^a^ 
84. TO. 



81. ^a8. 
86. X. 



17. ^. 
n 

21. 0. 

5ir 



82. 



16 



a«. 



86. |(&-a)2. 



87. i+l. 



89. 



88. 2ira2|l-ea+^^i^8in-ic|; 4Ta2. 

40. (ii) ^ sin'a: - ^ sin'a: + ^ sin'a; ; (iii) sin a; - ^ sin^ ; 
(iv) sin a; - 1^ sin'a; + -J^ sin'a;. 

41. (i) -J- oos^a; - J cos'a; ; (ii) ^ cos^a; - ^ cos'a; - ^ cos'a; ; 
(iii) J cos'a: - cos x ; (iv) -^ cos' a; - cos a: - -J- cos'a?. 

42. (ii) -J- tan'x - ^ tan'a? + tan x-x; 

(iii) ^tan'a: - ^ tan'^a; + ^ tan'a; - tan a; + a; ; 

(iv) ^ tan'a; - -J- tan^a: + -J- tan^a: - J tan'a: + tan x - x. 



Tor 



m' 






Exercises. XV. Page 128. 



/l«+/,»+/3» 



), (iv) ^[ '^'^'^'l-^'' ]. 
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6. (i) i/^ cos p; (ii) |/i^i cos (oi - /3i) + ^I^E^ cos {a^ - /Sg). 



,ir 



e. (i)^o; (ii)^r; (iii) 5r. 7. (-ir^-. 8. -— . 

f r 

^ COStir-l 1A n 11 / ixr^T 

9. -Q, . 10. 0. 11. (-1)*^-^. 

-o iifcosnr 2(cosnr-l) -« ,. asinair -- . r sin air 

jg SStt * 1ft 1?§ 17 ^2 .Q 35y 

256" 315* 35* 128* 

1ft ^'^ on ^^ 21 ^ 02 -^ 

2S ^^ 24 ^^^ 2fi "^^^ 2fi '^^^ 

3l5' ^ 217"- '*^- Te"' ^* "2"' 

27. 5^. 28. ^'. 20. xa^. 80. ?^l 

Exercises. XVI. Page 152. 

1. 26-42 + 24-57co8a; + l-08cosac-20-33cos3a;+l-58cos4a; 

+ 1-76 cos5a;- 3-08 cos 6a; + 15-19 sinar- 13-42 sm2a: 
+ 20-17 sin 3a; - 3-03 sin 4a: - 6-02 sin 5a:. 

2. 7*42+29-70cosa: -0-08 cos2a:- 13-17 cos3a:-6-92cos4a;-0-03cos5a; 

- 4-92 cos 6a: - 14-32 sin a: - 13-13 sin 2x + 18-33 sin 3a: 

- 6-21 sin 4a: + 4-15 sin 5a:. 

8. 0-075+4-54 cos a:+ 1-27 cos 2a:+0-02 cos 3a; -0-10cos4a;+0-09cos6a: 
+ 0-1 1 cos 6a: + 7 -47 sin a: + 1 -79 sin 2a; + 0-10 sin 3a: 
+ 0-12 sin 4a: +0*03 sin 5a:. 

4. 1-50+ 18-24 cos a;+l-00cos 2a: -1 -37 cos3a:-0-20cos4a:+0-23cos5a; 
+ 3-69 sin a:+0-06 sin 2a; -0-40 sin 3a:+0-40 sin 4a; + 0-ll sin 5a:. 

- y 4 p cos X cos 3a: cos 5a: cos(2w+l)a? "1 

^' ^~t\, 1^ +~3^ + ~52- + -+ (2n+l)2 ^'"S 

8. sin {-x\ or - sin a:. 

A 1 , 2rcosa: cos3a: cos5a: cos 7a: . "1 , i n 

2r 111 ~\ 

10. - cosa?-;7Cos3a: + ^cos5a;-=cos7a:+ .. 

^L 3 5 7 J 

+ - sina:+;rsin3a:+eSin5a:+ = sin7a:+... : 
ttL 3 5 7 J 

11. -^ sina:-^2sin5a: + =2sin7a:-Y=2sinlla:+... ; 

Scries represents x from a:=0 to x=-^\ 
X— -~-^ ; and - (ir + a:) from x= - -«- to a:= - ir. 



1 


1 1 


1 


1 




2' 


2' 2' 


2' 


"2* 




^r = 


4 . nr 


cos 


nr 
6* 


IT 

"3 


from 


a:= 


"3 


to 
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12. — j sma; + ^sin3a; + vsin5a:+... ]-• 

18. Y~^j^^s^"'^*^®^2a: + 52Cos3a;-22Cos4a;+... J- ; 

-|(y-pl8ma;--^sin2a;+fy-pjsin3a;-~sm4a;+...J. 

Exercises. XVII. Page 159. 

1. ,^, ^^ ,^ . 2. r^^^ri— or. 8. 



4. ^—L^. 5. ,., !" , 6. -^ 



sJ{2x-3(^) ^{l-(ax + by'y 2-2X+31?' 

7. - — i 77-^' 8. sin "^ a; + -77.; 57. 9. sin'^a;. 

5 + 2a; + 2ar* \J{l-a^) 

10. xsin-'a;. 11. V(3+2a;-a;2). 12. tan-ia;+ ^ 



1+ar^* 
18. 2a:tan-ia?. 14. Bin-i/^-^V 15. ism-^^—V 

16. -^8in-i(^). 17. ia;V(3-ir2) + 3gi„-i^^y 

18. ia:^(7-3:i:2)+^sm-i(^?). 19. i:«^(62_a2a^) + |!Bin-i(^y 

20. 8in-i(^). 21. ^^(6a:-a:a)+93i^-,^^y 

-^ . _./2a?-a\ „ 2a; -a ., ^x a'* • _i/2a:-a\ 

22. Bin-M ^ y 28. ^ ^(aa; - ar') + ^ sin M ^ I- 

24. i8m-i^?^V 26. i?^)^(3+4a;-4ar») + sin-i^?^). 

26. ?^^(24a;-9a:2_7) + 33i^-i^3^y 27^ _^taii-i(-^| 

80. itan-i(?^). 81. ^. 82. |. 

88. ^. 84. |. 86. X. 86. x. 

Exercises. XVIII. Faoe 167. 

1. _^: ^logf^y 8. -2^, ^logf^. 

ar-a^ 2a \x + aj a^-ar 2a \a-xj 



ANSWERS. 



221 



8. 

7. 
11. 

14. 

17. 
20. 

23. 
26. 
29. 
80. 
81. 

88. 
86. 

48. 

45. 

47. 
48. 
48. 

51. 

58. 
56. 

58. 
59. 



cot a;. 

cos a; 
1 + sin X 
5 (sin a; + cos a;) 
sin a; + 2 cos a?* 
J{x^ + 2x + Z), 

1 
a:3(a;-l)' 
a?*»"V(a;+n). 
-10-*logelO. 



4. 
8. 



5. 



2^(a;2-a2)' "' ^{x^-ax)' 
- tan X, 9. 2 sec x. 

1 + cos X 



12. 

a;+sina; 

15. tan'^a?. 

18. 1 + log X. 
21. e*(a;+l). 



g 2a{a?-x^) 

xl^ + d^x^ + a^' 
10. - 2 cosec x, 
2 cos a; 



18. 

sma; + coBa; 

16 ^+^+^ 
a^^-aj + l' 

19. a;** + wa;**-^ log a:. 
22. e-*(l-a;). 



25. 10«logelO. 

28. e* (cos X - sin a;). 



24. x^-h-'in-x). 

27. «*(sina7+cosa;). 
e - *«{ - 3 sin (4a: + 5) + 4 cos (4a; + 6)}. 
- c - **{3 cos (4a; + 5) + 4 sin (4a; + 5)}. 
e'»*{asin(6a;+c) + 6cDs(6a;+c)}. 82. e'*'{acos(6a;+c)-6sin(6a:+c)}. 

^{6*-e"«}. 84. ^(e«+e~«). 85. a^e-*. 



1 



2 



(-l)"-i(w-l)!. 



a; 



n 



^log{a;+V(ar»+i)}. 



42. log{x+ iJs^^l). 
44. log{a;+l+^(ar*+2a;+2)}. 
46. log{x+a+^{3i^+2ax+b^)}. 



;73log{x+|+.^(a;^+^-|)}. 

^(2a; - 3)^{(a; - 1) (a; - 2)} - i log [a: - f + ^{(a; - l)(a; - 2)}]. 
^{x+a)^{3(^+2ax + l^) + ^{b^-a^)log{x + a+^(pi^+2ax + Ij^)}. 
|a;3ioga;-|a;8. 50. ^a^logx-^a^. 



a;' 



n+l 



loga;- 



la;' 



m+l 



52. e*(a;-l). 



e*(a;2-2a; + 2). 54. e*(a;8-3ar*+6a;-6). 55. -e-*(a:+l). 

-e-*(ar*+2a;+2). 67. -e-*(a;8+3a^»+6a;+6). 

2^2=7^16""'"'; (i) T^=T^e''^''''; (ii) ^2=^16"'*^''. 





Napierian 


Common 




Logarithms. 


Logarithms. 


2. 


0-69315 


0-3010 


3. 


109861 


0-4771 


4. 


1-38629 


0-6021 


5. 


1-60944 


0-6990 


6. 


I -79176 


0-7782 


7. 


1-94691 


0-8451 


8. 


2-07944 


0-9031 


9. 


2 19722 


0-9642 


10. 


2-30259 


1 





Ii?+n^' 


17. 


1. 


21. 


IT 

2ab' 



222 INTRODUCTION TO THE CALCULUS. 

Exercises. XIX. Page 173. 

1. ^e*(sina;-cosa;). • 2. ^e* (sin a; + cos a;). 

8. -|-e"*(sina? + cosa;). 4. ^e"*(sina;-cosa;). 

6. -^e-3*(3Bin4a;+4cos4a;). 6. ^e"** (3 sin 3a? -4 cos 3a?). 

''• iiF^* (5 -2 sin 2a: -cos 2a:). 8. Y(y6'*(2sin2a;-cos2a;-5). 

9. i. 10. ^{3cos6-4sin5}=01875. 11. ^;g^. i« — 

^3 ksma + ncosa ^^ ir ^g ^ jg j 

Ir+n^ 4 2 

18. i 19. ^. 20. (i) ^ ; (ii) IT. 

27. a:=e **'-Jacos7i<H = smn^y. 

Exercises. XX. Page 180. 

1. x^x+yTy=E^; y^x-x^y=0. 

2. yiy=2a(a: + a:i); yi{x-x^) + 2a{y-y^)=(). 

y=xlt + cU; y=i -tx+2cU + cUK 

o* 62 a;i yi 

-cos^ + |sin^ = l; -.-^^=a^-h\ 

a cos a Bind 

6. P lies between K and iy. 

9. Subtangent = a ( e « + c~ «) -f ( e » - e~ ») ; 

2x _2a5 

Subnormal =^(e'*-e "); Normal = y^a. 

X fit 2a: 

10. Subtangent = h tan j- ; Subnormal = ^ sin -j-* 

11. (i) 2 ; (ii) 2 ; (iii) 2a ; (iv) 2a. 

12. (i) 4 ; (ii) 4 ; (iii) — ^ ; (i^) ^ 



^^^' ^^' (l + a^)*' (l + a2)* 

Exercises. XXI. Page 186. 

4. JEr/y=^Tr(4ar»-I2Zrar*+9i;2ji._2;8). 

Exercises. XXII. Page 191. 

2. t=»oC ^; ti/io=0'368; t2/»o=0-136; t»/»o=0-050; »4/io=0-OI8. 
9. (i) ; (u) //^. 



/ 
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AbdaDk-Abakanowicz, 208. 
Acceleration, 49. 
Adiabatic expansion, d9. 
Anchor- ring, 87. 
Approximations, 42, 105. 

to areas, etc., 84. 
Arc, derivative of, 82. 

of circle, Huyghens' approxima- 
tion, 116. 
Area, derivative of, 69. 

interpretation of, 74. 

of surfaces, 83. 

sign of, 70, 7^. 
Argument of a function, 3. 

Bending of a beam, 181. 

Catenary, common, 168, 184. 

of uniform strength, 168. 
Centre of curvature, 178. 

of gravity, inertia, mass, 89. 

of pressure, 92. 
Centroid, 89, 119, 203. 
Circle, area of, 122. 

of curvature, 178. 
Circular functions, derivatives of, 
106, 155. 

integrals of , 119, 156. 
Compound interest law, 160. 
Concavity, 13, 47. 
Cone, volume of, 86. 
Constant, 2. 

of integration, 59. 
Continuity, 13, 142. 
Convexity, 13, 47. 
Cosine series, 144. 



cos:);, series for, 113. 
Curvature, 177. 

centre, circle and radius of, 178. 

formula for, 179. 

Decreasing function, 7, 33. 
Definite integral, see Integral. 
Dependent variable, 2. 
Derivative, 27. 

higher, 44. 

of circular functions, 105, 155. 

of exponential function, 163. 

of function of function, 50. 

of logarithmic function, 163. 

of powers, 28. 

of product, 52. 

of quotient, 53. 

of sum, 28. 
Derived curve, 36, 196. 

function, 27. 
Differential, 41. 

coefficient, 27. 
Differential equations, 61, 64, 109, 

172. 
Differentiation, 27. 

See Derivative. 
Discontinuity, 13, 142. 
Durand, W. F., 208. 
Elasticity of volume of fluid, 49. 
Electricity, examples from, 188- 

193. 
Ellipse, arc of, 88. 

area of, 76. 

curvature of, 179. 

normal and tangent properties 
of, 176, 180. 
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Energy, kinetic, 51, 128. 
Equation, graph of, 1. 
Expansion, of log (1 +a;), 165. 

of cos a;, sin a;, etc., 113, 117. 

of tan"^a:, 158. 
Explicit function, 4. 
Exponential function, 161. 

derivative of, 163. 

integral of, 164. 

Fluent, fluxion, 49. 
Force, 49, 51. 
Fourier series, 130-154. 
Function, 3. 

decreasing, 7, 33. 

even, 18. 

explicit, 4. 

graph of, 3. 

implicit, 4. 

increasing, 6, 33. 

inverse, 5, 155. 

notation for, 14. 

odd, 18. 

of a function, 50. 

periodic, 143, 151. 

turning values of, 10, 33. 

uniformly varying, 6. 

variation of, 10, 32. 

Geometrical applications, 175. 
Gradient, 5, 2^. 

average, 7. 

of a curve, 21. 

of a function, 27. 

variation of, 11, 36. 
Graph of an equation, 1. 

of a function, 3. 
Graphical integration, 196-208. 

Harmonic motion, simple, 109. 

with decreasing amplitude, 173. 
Hookers law, 50. 
Huyghens' rule for circular arc, 

116. 
Hyperbola, 180, 181. 

Implicit function, 4. 
Increasing function, 6, 33. 
Increment, 6. 

notation for, 15. 
Inertia, centre of, 89. 

moment of, 95. 



Infinite limit, 170. 
Inflexion, point of, 13, 35, 45. 
Inflexional tangent, 13. 
Integral curve, 197. 

graphical construction of, 199. 
Integral, 59. 

definite, 71. 

double, 193. 

general, 59. 

geometrical representation of, 
71. 

indefinite, 59. 

limit of a sum, 77. 

standard forms, 60, 119, 156, 
164. 

See Integration. 
Integrand, 59. 
Integraph, 208. 
Integration, 58. 

by change of variable, 65, 73. 

by partial fractions, 61. 

by parts, 125. 

constant of, 59. 

graphical, 196-208. 

of circular functions, 119, 156. 

of exponential functions, 164. 

of logarithmic functions, 164. 

of powers, 60. 

of trigonometric functions, 119, 
156. 

See Integral. 
Inverse function, 5, 155, 
Isothermal expansion, 99. 

Johnstone, John G., 208. 

Leibniz, 81. 
Limits, 22-25. 

of a definite integral, 71. 

infinite, of inte^al, 170. 
Logarithm, hyperbolic, or natural, 

or Napierian, 163. 
Logarithmic decrement, 173. 
Logarithmic function, 163. 

derivative of, 163. 

integral of, 164. 

series for, 165. 

Maximum, 10, 37, 45. 
Mean values, 124. 
Mechanics, applications to, 48-50, 
89-102, 181-188, 201-208. 
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Mensuration of common solids, 

86-88. 
Minimum, 10, 37, 45. 
Moment, bending, 97) 183. 

first, 89, 201. 

of inertia, 95, 193, 205. 

second, 95, 193, 205. 
Momentum, 49, 51. 

Napierian logarithm, 163. 
Newton, 49, 68, 81. 
Normal, 175. 
Number e, 161. 
v, 159. 

Oblate spheroid, volume of, 87. 

Pappus, theorems of, 92. 
Parabola, arc of, 88, 168. 

area of, 75, 76, 84. 

curvature of, 179. 

normal and tangent, 
properties of, 180. 

semi-cubical, 88, 180. 
Paraboloid, volume of, 87. 
Periodic functions, 143, 151. 
Point, of inflexion, 13, 35, 45. 

turning, 9, 33. 
Power, derivative of, 28. 

integral of, 60. 
Pressure, at a point in a fluid, 49. 

centre of, 92. 
Prolate spheroid, surface of, 88, 
123. 

volume of, 87. 

Radius of curvature, 178. 

of gyration, 95. 
Rates, 7, 32. 
Runge, 130, 136. 

Series for cosa;, sina;, etc., 113, 117. 



Series, for e*, 162. 

for log (1 -Ho;), 165. 

for tan ~^x, 158. 

Fourier, 130-154. 
Simple harmonic motion, 109. 

with decreasing amplitude, 173. 
Simpson's rules, 84, 88. 
Sphere, surface of, 83, 123. 

volume of, 81. 
Spheroid, oblate and prolate, 87f 

88, 123. 
Stationary value, 33. 
Subnormal, 175. 
Subtangent, 175. 

Surface, area and volume of, 81, 
83,86. 

Tan"^a;, series for, 158. 
Tangent to a curve, 19. 

equation of, 176. 

inflexional, 13. 

length of, 175. 
Tore, 87, 100. 
Trigonometric functions, 

derivatives of, 105, 155^ 

integrals of, 119, 156. 
Trigonometric series, 130. 
Turning point, 9, 33. 

value, 10, 33. 

Value, stationary, 33. 

turning, 10, 33. 
Variable, change of, 54, 65, 73. 

dependent and independent, 2. 

of integration, 59. 
Variation of a function, 10, 32. 
Velocity, 49, 56. 
Vibration, damped, 173. 
Volumes, 81. 

of common solids, 86-88. 

Work, 50, 98-100. 
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Educational Newt, — "Teachers of higher mathematics would do 
well to make a careful examination of this book. Many members 
of our profession have, through disuse, allowed their knowledge of the 
Calculus to rust ; to those we can recommend no better book than this, 
for the author is most up to date in his facts and nomenclature.'' 

Guardian, — "A book which we believe will be very generally 
welcomed in classes where a sound knowledge is required as a basis of 
future work of a practical nature. Its aim is to give a broad view of 
the elements of the calculus in such a form as is most useful at the 
present time.'' 

School World. — " His teaching experience has enabled him to put 
the main propositions with all the simplicity and clearness that is 
consistent with thoroughness . . . the book appeals to a 
student of fair mathematical capacity, unacquainted with calculus, 
but able to read and appreciate a careful and detailed discussion ; and to 
such a reader, especially if he has no teacher to consult, the help given 
in the way of comment and illustration will be very valuable." 

Oxford Magasint, — " For those pupils who aim at employing their 
mathematical knowledge in the study of chemistry or physics this 
little volume is adtnirably suited." 

Educational Times. — "Forms an important addition to the text- 
books which have been written on the subject." 

Sovth African Educator. — " Tliis work is sure of a warm welcome 
from all teachers of mathematics, especially as the skilful hand of 
a practical teacher is in evidence throughout. This treatment is as 
luminous as could be desired, and the number of exercises on the 
different parts of the book is determined by the real need for 
them." 



New Ireland Review. — "This is, we believe, the most practical 
elementary book on the Calculus — at least, in English — that we have 
met with. Its aim is to prepare the student for immediately apply- 
ing its principles and processes in any department of his studies in 
which the Calculus is generally used. . . . Much attention is paid 
to the theory of graphs and units, and this part of the book will 
prove of the utmost interest and importance. ... A book which 
we can very cordially recommend.'' 

Journal of Education,-^" We cannot call to mind any elementary 
text-book that is more lucidly and accurately written, or one likely 
to give its readers a clearer conception or a firmer grasp of the 
first principles of the subject." 

Nalure, — " Among several notable characteristics possessed by this 
work, the most prominent appears to be the severity of its logic. In 
one important respect it differs from the usual English mathematical 
treatise — it seems to speak to the student, warning him against too 
probable error, and giving him advice. This is a feature which 
should be encouraged.'' 

Pilot, — "We feel convinced that Professor Gibson has not only 
produced a very useful text-book, but that he has also helped to 
mdicate a desirable reform in mathematical teaching." 
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This work is destined to present the subject of Graphs in a 
connected form, simple enough in the early stages for the mere 
beginner, while including the ultimate development such of 
its more important applications as come within the range of 
Elementary Mathematics. 
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